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Abstract

Model-based reinforcement learning (RL) algo-
rithms allow us to combine model-generated data
with those collected from interaction with the real
system in order to alleviate the data efficiency prob-
lem in RL. However, designing such algorithms
is often challenging because the bias in simulated
data may overshadow the ease of data generation.
A potential solution to this challenge is to jointly
learn and improve model and policy using a univer-
sal objective function. In this paper, we leverage
the connection between RL and probabilistic infer-
ence, and formulate such an objective function as
a variational lower-bound of a log-likelihood. This
allows us to use expectation maximization (EM)
and iteratively fix a baseline policy and learn a vari-
ational distribution, consisting of a model and a
policy (E-step), followed by improving the base-
line policy given the learned variational distribution
(M-step). We propose model-based and model-free
policy iteration (actor-critic) style algorithms for
the E-step and show how the variational distribu-
tion learned by them can be used to optimize the
M-step in a fully model-based fashion. Our experi-
ments on a number of continuous control tasks show
that our model-based (E-step) algorithm, which we
refer to as variational model-based policy optimiza-
tion (VMBPO), is more sample-efficient and robust
to hyper-parameter tuning than its model-free (E-
step) counterpart. Using the same control tasks,
we also compare VMBPO with several state-of-the-
art model-based and model-free RL algorithms and
show its sample efficiency and performance.

1 Introduction

Model-free reinforcement learning (RL) algorithms that learn
a good policy without constructing an explicit model of the
system’s dynamics have shown promising results in complex
simulated problems [Mnih et al., 2013, 2015; Schulman et
al., 2015; Haarnoja et al., 2018]. However, these methods
are not sample efficient, and thus, not suitable for problems
in which data collection is burdensome. Model-based RL
algorithms address the data efficiency issue of the model-
free methods by learning a model, and combining model-

generated data with those collected from interaction with the
real system [Sutton, 1990; Janner et al., 2019]. However,
designing model-based RL algorithms is often challenging
because the bias in model may affect the process of learning
policies and result in worse asymptotic performance than the
model-free counterparts. A potential solution to this challenge
is to incorporate the policy/value optimization method in the
process of learning the model. An ideal case here would be
to have a universal objective function that is used to learn and
improve model and policy jointly.

Casting RL as a probabilistic inference has a long history
(e.g., Todorov 2008; Toussaint 2009; Kappen et al. 2012; Raw-
lik et al. 2013). This formulation has the advantage that allows
powerful tools for approximate inference to be employed in
RL. One such class of tools are variational techniques that have
been successfully used in RL (e.g., Neumann 2011; Levine and
Koltun 2013; Abdolmaleki ef al. 2018). Another formulation
of RL with strong connection to probabilistic inference is the
formulation of policy search as an expectation maximization
(EM) style algorithm (e.g., Dayan and Hinton 1997; Peters and
Schaal 2007; Peters et al. 2010; Chebotar et al. 2017; Abdol-
maleki ef al. 2018). The main idea here is to write the expected
return of a policy as a (pseudo)-likelihood function, and then
conditioning on the success in maximizing the return, find the
policy that most likely would have been taken. Another class
of RL algorithms that are related to the inference formulation
are entropy-regularized algorithms that add an entropy term to
the reward and find the soft-max optimal policy (e.g., Levine
and Abbeel 2014; Nachum et al. 2017; Haarnoja et al. 2018;
Fellows et al. 2019). For a comprehensive tutorial on RL as
probabilistic inference, we refer readers to Levine [2018].

In this paper, we leverage the connection between RL and
probabilistic inference, and formulate an objective function
for jointly learning and improving model and polciy as a vari-
ational lower-bound of a log-likelihood. This allows us to
use EM: iteratively fix a baseline policy and learn a varia-
tional distribution, consisting of a model and a policy (E-step),
followed by improving the baseline policy given the learned
variational distribution (M-step). We propose model-based
and model-free policy iteration (PI) style algorithms for the
E-step and show how the variational distribution that they
learn can be used to optimize the M-step only from model-
generated samples. It is important to note that both algorithms
are model-based and only differ in using model-based and
model-free algorithms for the E-step. We call our algorithm



that uses model-based PI for the E-step, variational model-
based policy optimization (VMBPO). Our experiments on a
number of continuous control tasks show that VMBPO is more
sample-efficient and robust to hyper-parameter tuning than its
model-free counterpart. Using the same control tasks, we also
compare VMBPO with several state-of-the-art model-based
and model-free RL algorithms, including model-based pol-
icy optimization (MBPO) [Janner et al., 2019] and maximum
a posteriori policy optimization (MPO) [Abdolmaleki et al.,
2018], and show its sample efficiency and performance.

2 Preliminaries

We study the RL problem in which the agent’s interaction
with the environment is modeled as a Markov decision pro-
cess MDP) M = (X, A, r,p,po), where X and A are state
and action spaces; r : X x A — R is the reward function;
p: X x A — Ay is the transition kernel (Ay is the set
of probability distributions over X); and pg : X — Ax
is the initial state distribution. A stationary Markovian pol-
icy m : X — A4 is a probabilistic mapping from states to
actions. Each policy 7 is evaluated by its expected return,

ie., J(m) = E[Ztl*ol r(z¢,at) | po,p,w|, where T is the
(random) time of hitting a terminal state.! We denote by X°
the set of all terminal states. The agent’s goal is to find a policy
with maximum expected return, i.e, 7° € arg max, ¢ , J (7).
We denote by £ = (xg,aq,...,Tr—1,a7—1,Z7), a System
trajectory of length T', whose probability under a policy 7

is defined as p,(§) = po(zo) HtT;Ol m(ag|xe)p(Tipr|xe, ar).
Finally, we define [T] := {0,...,T — 1}.

3 Policy Optimization as Inference

Policy search in RL can be formulated as a probabilistic infer-
ence problem (e.g., Todorov 2008; Toussaint 2009; Kappen
et al. 2012; Levine 2018). The goal in the conventional RL
formulation is to find a policy whose generated trajectories
maximize the expected return. In contrast, in the inference
formulation, we start with a prior over trajectories and then
estimate the posterior conditioned on a desired outcome, such
as reaching a goal state. In this formulation, the notion of
a desired (optimal) outcome is introduced via independent
binary random variables O;, t € [T], where O; = 1 denotes
that we acted optimally at time ¢. The likelihood of O;, given
the state z; and action a;, is modeled as

p(Or =1z, ar) = exp(n - r(z1, ar)),
where > 0 is a temperature parameter. This allows us to
define the log-likelihood of 7 being optimal as

log px (OQo.7—1 =1) = log/pﬂ(OoiT,l =1,¢)
3

=logE¢np, [p(Oo:r—1 =1]&)],

where p(Og.7—1 = 1 | £) is the likelihood of trajectory &
being optimal and is defined as

ey

'Similar to Levine [2018], our setting can be easily extended to
infinite-horizon ~y-discounted MDPs. This can be done by modifying
the transition kernels, such that any action transitions the system to
a terminal state with probability 1 — -, and all standard transition
probabilities are multiplied by ~.

T-1
p(Oor—1=11¢&) = H p(Or =1 | x4, a4)
t=0
o 2)
= exp (7] . r(xe, at)).

t
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o

As aresult, finding an optimal policy in this setting would be
equivalent to maximizing the log-likelihood in (1), i.e., T} €
arg max, log p(Op.r—1 = 1). A potential advantage of for-
mulating RL as an inference problem is the possibility of using
a wide range of approximate inference algorithms, including
variational methods. In variational inference, we approximate
a distribution p(-) with a potentially simpler (e.g., tractable
factored) distribution ¢(-) in order to make the whole infer-
ence process more tractable. If we approximate p,(§) with
a variational distribution ¢(£), we will obtain the following
variational lower-bound for the log-likelihood in (1):

T—-1
log pr(Oo:r—1 = 1) = log B¢y, [exp (77 . Z r(xe, az))]

t=0

pa(8) exp (- i r(zea)]

=1log Eeq(e) | 2

T-1

2 Eemate [log p;((f)) -y r(wea)
t=0

T-1
=n-Eq[ Y r(@,a)] —KL(qllpx) = T(g;7), 3
t=0
(a) is from Jensen’s inequality and 7 (¢; 7) is the evidence
lower-bound (ELBO) of the log-likelihood function. A variety
of algorithms have been proposed (e.g., Peters and Schaal
2007; Hachiya et al. 2009; Neumann 2011; Levine and Koltun
2013; Abdolmaleki et al. 2018; Fellows et al. 2019), whose
main idea is to approximate 7}; by maximizing J(q; )
w.r.t. both ¢ and 7r. This often results in an EM-style algorithm
in which we first fix 7 and maximize J (-; ) for ¢ (E-step),
and then given the ¢ obtained in the E-step, we maximize
J (g; -) for m (M-step).

4 Variational Model-based Policy Optimization

In this section, we describe the ELBO objective function
used by our algorithms, study the properties of the re-
sulted optimization problem, and propose algorithms to solve
it. We propose to use the variational distribution ¢(¢§) =

T—1 .
po(0) [, gc(at|®e)qa(@isr|as, ar) to approximate pr(&).
Note that ¢ has the same initial state distribution as p, (defined
in Section 2), but has different control strategy (policy), q.,
and dynamics, gq. Using this variational distribution, we may
write the ELBO objective (3) as

T—-1
L . og delatze)
J(g;m) = Eq| ; n-7(we, ar) —log m(a¢|xe) 4)

qa(Tes1|re, at)

— lo
& p(@ia1|Te, ar)

|, where Eg[-] :=E[ | po, qa, qc)-

To maximize 7 (¢; 7) w.r.t. ¢ and 7, we first fix = and compute
the variational distribution (E-step):



T—1
arg max IE[ Z n-r(xe, at)

9c€AA,9aC€AX =0 5)

¢ =(¢,q1) €

ge(at|z:)
—log 2\21T)
8 m(at|zy) &

qa(Tet1]Tt, ar)

p(wt+1 ‘xh at) | Po, dd, qc]7

and then optimize 7 given ¢*, i.e., arg max, J(¢*;7) (M-
step). Note that in (5), ¢ and ¢} are both functions of , but
we remove 7 from the notation to keep it lighter.

Remark 1. In our formulation (our choice of the variational
distribution q), the M-step is independent of the true dynamics,
p, and thus, can be implemented offline (using samples gener-
ated by the model q;). Moreover, as we will see in Section 5,
we also use the model, qq, in the E-step. As discussed through-
out the paper, using simulated samples (from qq) and reducing
the need for real samples (from p) is an important feature of
our proposed model-based formulation and algorithms.

Remark 2 (relationship with MPO). There are similarities be-
tween our variational formulation and the one used in the max-
imum a posteriori policy optimization (MPO) algorithm [Ab-
dolmaleki et al., 2018]. However, MPO sets its variational
dynamics, qq4, to be the dynamics of the real system, p, which
results in a model-free algorithm, while our approach is model-
based, since we learn qq and use it to generate samples in
both E-step and M-step of our algorithms.

In the rest of this section, we study the E-step optimization
(5) and propose algorithms to solve it.

4.1 Properties of the E-step Optimization

We start by defining two Bellman-like operators related to
the E-step optimization (5). For any variational policy ¢, :
X — A4 and any value function V' : X — R, such that
V(z) =0, Vz € X, we define the g.-induced operator, T,_,
and the optimal operator, T, as

T2 V1(@) == Bango (o) [77 ~r(w,a) —log %
+ quiIéan Barngq(lo,a) [V(x/) — log ﬁ]} ©
TV](z) :== Jaax Ta[V](2). D

We define the optimal value function of the E-step, V., as

_E — CED)
= [277'7’(5“7‘% 10gm
=0 ®)
(Tir1|Te, @ . s
_1ng | po,qis 2]

p(Tes1]ee, ar)

For any value function V', we define its associated action-value
function Q : X x A — Ras

Q(z,a) :=n-7(x,a) +10g Eurwp(.f,a) [exp (V(2)) ] 9)
The following lemmas, whose proofs are reported in Appen-

dices A.1 and A.2, show properties of operators 7,4, and 7,
and their relation with the (E-step) optimal value function, V..

Lemma 1. The q.-induced and optimal operators, defined
by (6) and (7), can be rewritten as

TolV1(@) = Banae 1) [ Qo) — log £, (10
TVI(x) =108 Eamr(|a),e’ ~p(-|2.a) [exp (7] -r(z,a) + V(m'))}

amn

Lemma 2. The q.-induced and optimal operators are mono-
tonic and contractive. Moreover; the optimal value function V;
is the unique fixed-point of T (T [V;|(z) = Vx(x), V& € X).

From the definition of Q)-function in (9) and Lemma 2, we
prove (in Appendix A.3) the following proposition for the
action-value function associated with the E-step optimal value
function V.

Proposition 1. The E-step optimal value function V, and
its associated action-value function Q, defined by (9), are

related as Vi (x) = log Eqr(.|2) [exp (Qw(m, a))],Vx e X.

In the rest of this section, we show how to derive a closed-
form expression for the variational distribution ¢* = (¢, ¢})).
For any value function V, we define its corresponding vari-
ational dynamics, q(‘i/, as the solution to the maximization
problem in the definition of 7,_ (see Eq. 6), i.e.,

Vv / Qd($/|1’, a)
|x,a) € argmaxE,/ o, |V(z') — log ———|, (12
qal(' ) ngEAX Qd[ ( ) gp(m’|x,a)] ( )
and its corresponding variational policy ¢% (Q is the action-
value function associated with V, defined by Eq. 9), as the
solution to the maximization problem in the definition of T
(see Eqs. 7 and 10), i.e.,

ge(alz)
m(a|z) ] - U3

We now derive (proof in Appendix A.4) closed-form expres-
sions for the variational distributions ¢} and ¢@.

qLQ(|:r) € argmax Eqg (|a) [Q(az,a) — log
qGcE€EA A

Lemma 3. The variational dynamics and policy correspond-
ing to a value function V and its associated action-value
function @ can be written in closed-form as

Vi p(a’[z, a) - exp (V( /))
W = g e [exp (V@))]
_ p(@'|z,a) - exp (V(z'))
exp (Q(z,a) —n-r(z,a))’
m(alz) - exp (Q(x,a))
Eor( iy [exp (Q(, )]

Equations 14 and 15 show that the variational dynamics, q(‘i/,

and policy, g2, can be seen as an exponential twisting of the
dynamics p and policy 7 with weights V' and @), respectively.
For the special case V' = V. (the E-step optimal value func-
tion), these distributions can be written in closed-form as

p(z'|z, a) - exp (Vx(2'))
exp (Q,r (z,a) —n-r(z, a)) ’
m(alz) - exp (Qr(z, a))

exp (Vx(z)) ’

where the denominator of ¢} is obtained by applying Proposi-
tion 1 to replace @), with V.

Ve, ' € X, Ya € A, (14)

42 (alz) = Vz € X, Va e A (15)

qa(a’|z,a) =

(16)

g (alz) =



4.2 Policy and Value Iteration for the E-step

Using the results of Section 4.1, we now propose model-based
and model-free dynamic programming (DP) style algorithms,
i.e., policy iteration (PI) and value iteration (VI), for solving
the E-step problem (5). The model-based algorithms com-
pute the variational dynamics, g4, at each iteration, while the
model-free counterparts compute g, only at the end (upon
convergence). Having access to ¢4 at each iteration has the
advantage that we may generate samples from the model, ¢4,
when we implement the sample-based version (RL version) of
these DP algorithms in Section 5.

In the model-based PI algorithm, at each iteration k, given
the current variational policy qﬁk), we

Policy Evaluation: Compute the qgk)—induced value func-

tion ‘/:Z(k) (the fixed-point of the operator 7;(k)) by

iteratively applying 7;@) from (6), i.e., ‘/q(.k) (z) =

lim,, 00 7%, [V](z), Vz € X, where the variational model
qc

qq in (6) is computed using (14) with V' = V() We then
compute the corresponding Q-function qu using (9).
Policy Improvement: Update the variational distribution
g using (15) with Q = Q 1) 2

=

Upon convergence, i.e., ¢ = ¢, we compute g from (14).

The model-free PI algorithm is exactly the same, except in

its policy evaluation step, the qgk)-induced operator 7;@ is
applied using (10) (without the variational dynamics ¢4). In
this case, the variational dynamics ¢4 is computed only upon

convergence, ¢, using (14).

Lemma 4. The model-based and model-free PI algorithms
converge to their optimal values, q; and q, defined by (5),

ie., q§°°) = q} and qc(loo) = qy.

We can similarly derive model-based and model-free (VI)
algorithms for the E-step. These algorithms start from an arbi-
trary value function V' and iteratively apply the optimal opera-
tor 7 from (6) and (7) (model-based) and (11) (model-free) un-
til convergence, i.e., Vi (z) = lim, o T"[V](z), Vz € X.
Given V., these algorithms first compute @), from Proposi-
tion 1, and then compute (g7, ¢;) using (16). From the proper-
ties of the optimal operator 7 in Lemma 2, both model-based
and model-free VI algorithms converge to ¢ and ¢;.

In the rest of the paper, we focus on the PI approach, in
particular the model-based one, and only report the details of
the VI algorithms in Appendix B. In the next section, we show
how the PI algorithms can be implemented and combined with
a routine for solving the M-step, when the true MDP model
p is unknown (the RL setting) and the state and action spaces
are large that require using function approximation.

5 Variational Model-based RL Algorithm

In this section, we propose a RL algorithm, called variational
model-based policy optimization (VMBPO). It is an EM-style

(proof in Appendix A.5)

2When the number of actions is large, the denominator of (15)
cannot be computed efficiently. In this case, we replace (15) in
the policy improvement step of our PI algorithms with qékﬂ) =
arg min, KL(q| 1¢2), where Q = qu. We also prove the con-

vergence of our PI algorithms with this lcipdate in Appendix A.S.

algorithm based on the variational formulation proposed in
Section 4. The E-step of VMBPO is the sample-based im-
plementation of the model-based PI algorithm, described in
Section 4.2. We describe the E-step and M-step of VMBPO in
details in Sections 5.1 and 5.2, and report its pseudo-code in
Algorithm 1 in Appendix C. VMBPO uses 8 neural networks
to represent: policy 7, variational dynamics g4, variational
policy ¢., log-likelihood ratio v = log(g4/p), value function
V, action-value function @, target value function V’, and tar-
get action-value function Q’, with parameters 0, 04, 6., 6,
0., 04, 0, and 9{1, respectively.

5.1 The E-step of VMBPO

At the beginning of the E-step, we generate a number of sam-
ples (x,a,r,2") from the current baseline policy 7, i.e., a ~
7(-|z) and r = r(x, a), and add them to the buffer D. The
E-step consists of four updates: 1) computing the variational
dynamics gq4, 2) estimating the log-likelihood ratio log(q4/p),
3) computing the g.-induced value and action-value functions
Vg, and @, (critic update), and finally 4) computing the new
variational policy q. (actor update). We describe the details of
each step below.

Step 1. (Computing ¢;) We find ¢4 as a solution to the
optimization problem (12) for V' equal to the target value
network V. Since the qc‘l/ in (14) is the solution of (12), we
compute g by minimizing KL(qg/ |lg4), which results in the
following forward KL loss (for all x € X and a € A):

04 = arg min KL(p(-|x,a) ~exp(n - r(z,a) + V'(:;60,)
0

- Q'(,a;09)) |l gal-le, a;0)) (17)
@ argmax Eu/wp(.(z,a) [ exp(n - r(z,a) + V'(2';6,)
0

—Q/(x,a; 0:1)) IOg(qd(|x7a7 0))}? (18)

where (a) is by removing the -independent terms from (17).
We update 6, by taking several steps in the direction of the
gradient of a sample average of the loss function (18), i.e.,

04 = arg max Z exp (n r+V(2'0))
0 (w,a,mz')~D (19)
- Q'(z,a; 9;)) -log (qd(x/|1:,a; 9)),
where (z,a,r,2') are randomly sampled from D. The intu-
ition here is to focus on learning the dynamics model in the
regions of the state-action space that have higher temporal
difference (regions with higher anticipated future return).

Step 2. (Computing log(¢i/p))  Using the duality of
f-divergence [Nguyen et al., 2008] w.r.t. the reverse KL-
divergence, the log-likelihood ratio log(qq(:|z, a; 0q) /p(:|z, a))
is a solution to

log (qd(x |, a; 04) )

p(:v’|x, a) = arg max Ewlwqd('|x7a;0d) [V($,|I7 a)}

VXX AXX—R
— Eo'mp(-ara) [€xp (v(2'|2,0))],  (20)

for all z,2’ € X and a € A. Note that the optimizer of (20)
is unique almost surely (at (z,a,z’) with P(2'|z,a) > 0),
because g4 is absolutely continuous w.r.t. p (see the definition
of g4 in Eq. 14) and the objective function of (20) is strictly
concave. The optimization problem (20) allows us to com-
pute v(+|; 6,,) as an approximation to the log-likelihood ratio



log(qa(+;604)/p). We update 6, by taking several steps in the
direction of the gradient of a sample average of (20), i.e.,

0, = arg max Z Z exp(v(z|z,a;0)), (21)
(z,a,z")~E (z,a,z’)~D
where £ is the set of samples for which z’ is drawn from
the variational dynamics, i.e., 2’ ~ gq(-|z, a). Here we first
sample (x, a, 2") randomly from D and use them in the second
sum. Then, for all (x, a) that have been sampled, we generate
2’ from ¢q4 and use the resulting samples in the first sum.

2|z, a;0) —

Step 3. (critic update) To compute V,_ and its action-value
Qq., we rewrite (6) with the maximizer g4 from Step 1 and
the log-likelihood ratio log(gq/p) from Step 2:

(alz)

qc
Tae VI(@) = Earge(-1a) [77 +7(@,a) — log m(alz)

+ Ear gy (-17,a504) [V’(x/; 0,) — v(z'|z, a; 01,)” .

Since 7, can be written as both (10) and (22), we compute the
g.-induced @Q-function by setting the RHS of these equations
equal to each other, i.e., for all z € X and a ~ ¢.(+|z;6.),

Q(z,a;0q) =n-r(z,a)+
E V(2 0,) — v(z'|z, a; 91,)}.

Since the expectation in (22) is w.r.t. the variational dynamics
(model) g4, we can estimate (), only with samples generated
from the model. We do this by taking several steps in the
direction of the gradient of a sample average of the square-loss
obtained by setting both sides of (22) equal, i.e.,

0 = argmln Z (z,a;0) 77~7“—V'(av';9;)+I/($I|x7a;0y))2.
(z a,r,z’)~E
(23)

Note that in (22), the actions are generated by ¢.. Thus, in (23),
we first randomly sample z, then sample a from ¢.(-|x;6.),
and finally draw 2’ from q4(-|z, a; 8,4). If the reward function
is known (chosen by the designer of the system), then it is used
to generate the reward signals r = r(x, a) in (23), otherwise,
a reward model has to be learned.

After estimating ()., we approximate V,_, the fixed-point
of 7., using 7, definition in (10) as 7, [V](z) = V(z) =
Eomg.(2) |@Q(z, a;04) —log %] . This results in updat-
ing V,_ by taking several steps in the direction of the gradient

of a sample average of the square-loss obtained by setting the
two sides of the above equation equal, i.e.,

qc(alz; 0.
v—argmlnz ogw
(z,a)~E i

where « is randomly sampled and a ~ g.(-|z;6.) (without
sampling from the true environment).

(22)

w/~qd(~lw,a;9d)[

(z,a;0q)+1 )27 (24

Step 4. (actor update) We update the variational policy
g. (policy improvement) by solving the optimization prob-
lem (13) for the @) estimated by the critic in Step 3. Since the
q. that optimizes (13) can be written as (15), we update it by
minimizing KL(g.||¢?). This results in the following reverse
KL loss (for all x € X):

(|23 0x) - exp(Q(a, -, ; 6'q)))

Z(x)

- Q(xzav ; 9‘1)}

6. = arg min KL (qc(-|x; 0)|]
0

qc(alz; 0) )

= inEqoqg. |1
argemm . qc[ og(ﬂ_(a‘m;eﬂ)

If we reparameterize g, using a transformation a = f(z, ¢; 0,),
where € is a Gaussian noise, we can update 6. by taking several
steps in the direction of the gradient of a sample average of
the above loss, i.e.,

0 = argmin 3 10g (4c(f (. O)la)) — Q. a.:0,)
(z,€)

— log ((alz; 0x)). (25)

We can also compute g, as the closed-form solution to (15), as
described in Abdolmaleki et al. [2018]. They refer to this as
non-parametric representation of the variational distribution.

5.2 The M-step of VMBPO

As described in Section 4, the goal of the M-step is to im-
prove the baseline policy m, given the variational model
q* = (q},q;) learned in the E-step, by solving the follow-

ing optimization problem:
7r<—argmaqu ;) 1= Egx Zn r(x¢, at)
well (26)
log &2 ~(at|zt) @i (xey1|Te, ar)
—log _
m(ac|we) p(Tit1|ze, ar)

A nice feature of (26) is that it can be solved using only the
variational model ¢*, without the need for samples from the
true environment p. However, it is easy to see that if the policy
space considered in the M-step, II, contains the policy space
used for g, in the E-step, then we can trivially solve the M-
step by setting m = ¢. Although this is an option, it is more
efficient in practice to solve a regularized version of (26). A
practical way to regularize (26) is to make sure that the new
baseline policy 7 remains close to the old one, which results
in the following optimization problem:

Zlog (at|ze; 0)) @7

— A KL( (laes 0x) |7 (-|ze )]

This is equivalent to the weighted MAP formulation used in
the M-step of MPO [Abdolmaleki et al., 2018]. In MPO, they
define a prior over the parameter 6 and add it as log P(9) to
the objective function of (26). Then, they set the prior P(6) to
a specific Gaussian and obtain an optimization problem similar
to (27) (see Section 3.3 in Abdolmaleki et al. 2018). However,
in the absence of a variational dynamics model (i.e., g = p),
they need real samples to solve their optimization problem,
while our model-based approach uses simulated samples.

0 < argmax Eg=
0

6 Experiments

To illustrate the effectiveness of VMBPO, we (i) compare
it with several state-of-the-art RL methods, and (ii) evaluate
sample efficiency of MBRL via ablation analysis.

Comparison with Baseline RL Algorithms. We compare
VMBPO with five baselines, two popular model-free algo-
rithms: MPO [Abdolmaleki et al., 2018] and SAC [Haarnoja
et al., 2018], and three recent model-based algorithms:
MBPO [Janner et al., 2019], PETS [Chua et al., 2019], and
STEVE [Buckman et al., 2018]. We also compare VMBPO
with its variant that uses a model-free PI algorithm to solve the
E-step (see Section 4.2). We refer to this variant as VMBPO-
MEE and describe it in details in Appendix D. We evaluate all



Environment VMBPO MBPO STEVE PETS VMBPO-MFE SAC MPO
Pendulum -125.8 £73.7 -126.0 £78.4 [ -63853 £799.7 | -183.5 £ 17739 | -125.7+130.1 | -124.7+199.0 | -131.9 £ 3159
Hopper 2897.4 + 630. | 2403.1 £ 556. 279.0 & 237.1 94.5 & 114.2 1368.7 & 184.1 | 2020.8 & 954.1 | 1509.7 & 756.0
Walker2D 4226.1 1 843.0 | 3883.3 £753.5 | 336.3 +196.3 93.5 4+ 134.1 3334.5 + 122.8 | 3026.4 4 888.9 | 2889.4 &+ 712.7
HalfCheetah 13120 £933.1 | 11877 £997.1 | 4829 45969 | 13272.6 +4926.4 | 4647.3 & 505.8 | 9080.3 + 1625.1 | 4969.2 &+ 623.7
Reacher -114 +£27.0 -12.6 £259 -141.8 + 355.7 — -55.5 £39.0 -23.9+23.8 -75.9 + 336.7
Reacher7DoF | -13.8 +20.5 -15.1 £98.8 — -45.6 £ 36.1 -33.5 £49.6 -274 £112.0 -38.4 £ 53.8

Table 1: The mean =+ standard deviation of the final returns with the best hyper-parameter configuration for each algorithm. VMBPO
outperforms other baselines. VMBPO-MFE performs better than MPO but is sometimes unstable.

‘ Environment ‘ VMBPO ‘ MBPO ‘ VMBPO-MFE ‘ SAC ‘ MPO ‘ 8000 — vmbpo_128
Pendulum 474 £ 941 | 1468 L2726 | SII0 L3844 | -1468 £ 4506 | 6052 T 389.6 | 30001 o 256
Hopper 2292.5 £ 1256.0 | 1638.7 £881.5 | 4854 £380.3 | 12622 £8033 | 780.8  629.6 6000 — vmbpo 512
Walker2D 3326.6 £ 1276.1 | 29778 £997.3 | 1447.1£767.1 | 1341.6 £ 1092.6 | 1590.3 = 860.7 0 2000
HalfCheetah | 10366.7 £ 3477.2 | 7586.1 £ 4814.1 | 2834.6 = 1062.9 | 6312.0 £ 2299.7 | 32582 £ 070.1
Reacher 1355387 755448 | -122E507.0 | T72E506 | -1682 £477.1 2000 L
Reacher/DoF | -15.2 £ 664 T72E101.6 | -780E439.1 | -1142 1969 | 93.8 £ 4269 by, 256

0 —wmposi2|

Table 2: The mean + standard deviation of the average of the final returns over all hyper-
parameter configurations. VMBPO is much more robust to change in hyper-parameters than
the other baselines. We do not include PETS and STEVE because their hyper-parameters are

directly adopted from their papers.

the algorithms on a classical control task: Pendulum, and five
MulJoCo tasks: Hopper, Walker2D, HalfCheetah, Reacher,
and Reacher7DoF. We use similar neural network architec-
tures (for the dynamics model, value functions, and policies)
for VMBPO and MBPO. The detailed description of the net-
work architectures and hyper-parameters is reported in Ap-
pendix E. Since we use a parametric representation for g, in
the E-step of VMBPO, as discussed in Section 5.2, we simply
set ™ = ¢ in its M-step. We set the number of training steps to
400, 000 for the difficult environments (Walker2D, HalfChee-
tah), to 150, 000 for the medium one (Hopper), and to 50, 000
for the simpler ones (Pendulum, Reacher, Reacher7DOF). We
evaluate policy performance every 1, 000 training steps. Each
measurement is an average return over 5 episodes, generated
with a separate random seed.

To illustrate the relative performance of the algorithms, we
report the average return of VMBPO, VMBPO-MFE, and the
baselines, with their best hyper-parameters, in Table 1 and
Figure 2 (see Appendix E.1). The results show that VMBPO
performs better than the baselines in most of the tasks, and
usually converges faster even when the final performances are
similar. The data-efficiency of VMBPO is mainly the result of
using synthetic data generated by the learned model, and its
extra performance can be attributed to jointly learning model
and policy using a universal objective function.

The results also show that VMBPO-MFE outperforms MPO
in 4 out of the 6 domains. However, in some cases its learning
curve degrades and results in poor final performance. This is
partly due to the instability in critic learning caused by sample
variance amplification in exponential-TD minimization (see
Eq.391n Sec. D.1). A way to alleviate this issue is to add a tem-
perature term 7 to the exponential-TD update [Borkar, 2002],
although tuning this hyper-parameter is often non-trivial.?

To study the sensitivity of the algorithms w.r.t. the hyper-
parameters, we report their performance averaged over all
hyper-parameter/random-seed configurations in Table 2 and
Figure 3 (see Appendix E.1). These results show that VMBPO

3The variance is further amplified with a large 7, but the critic
learning is hampered by a small 7.

0 25 0 75 100 0 25 50 15 10
Training Steps (1e3) Training Steps (1e3)
Figure 1: Performance of VMBPO with
different number of synthetic samples.

is much more robust to change in hyper-parameters than the
other algorithms, with the best average performance over all
the tasks.

Ablation Study. We study the dependence of the VMBPO
performance on the number of samples generated from the
dynamics model ¢;. Here we only experiment with two
tasks, Hopper and HalfCheetah, and with fewer training steps
100, 000. At each step, we update the actor and critic using
{128,256, 512} synthetic samples. Figure 1 shows the learn-
ing performance averaged over all hyper-parameter/random-
seed configurations and illustrates how synthetic data can help
with policy learning. The results show that increasing the
amount of synthetic data generally improves the policy conver-
gence rate. In the early phases, when the model is inaccurate,
sampling from it may slow down learning, while in the later
phases, with an improved model, adding more synthetic data
can lead to a more significant performance boost.

7 Conclusion

We formulated the problem of jointly learning and improving
model and policy in RL as a variational lower-bound of a log-
likelihood and proposed EM-style algorithms to solve it. Our
algorithm, called variational model-based policy optimization
(VMBPO), uses model-based policy iteration for solving the E-
step. We compared our (E-step) model-based and model-free
algorithms with each other, and with a number of state-of-the-
art model-based (e.g., MBPO) and model-free (e.g., MPO) RL
algorithms, and showed its sample efficiency and performance.

We briefly discussed VMBPO algorithms in which the E-
step is solved by value iteration methods. However, full imple-
mentation of these algorithms and studying their relationship
with the existing methods requires more work that we leave
for future. Another future directions are: 1) finding more effi-
cient implementation for VMBPO, and 2) using VMBPO style
algorithms in solving control problems from high-dimensional
observations, by learning a low-dimensional latent space and a
latent dynamics, and perform control there. This class of algo-
rithms is referred to as learning controllable embedding [Wat-
ter et al., 2015; Levine et al., 2020; Cui et al., 2021].
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A Proofs of Section 4
A.1 Proof of Lemma 1
Before proving Lemma 1, we first state and prove the following results.

Lemma 5. For any state x € X, action-value function Q), and policy 7, we have

Q%ZXA Eqmg.(|2) [Q(CE, a) — log (j:((sﬂj))} =logEqmn(.|2) [exp (Q(:E, a))]. (28)

Analogously, for any state-action pair (z,a) € X X A, value function V, and transition kernel p(-|x, a), we have

qa(2' |z, a)

p(a'|z, a) } =108 Epreop( o0 [ exp (V(2))]. (29)

Josx B/ mga(-|z,a) [V(w’) —log

Proof. We only prove (28) here, since the proof of (29) follows similar arguments. The proof of (28) comes from the following
sequence of equalities:

. qc(alz) _ —
Jax Eog (o) [Q(w,a) log W(a‘x)] —qiréanA]Each(-m[(Q(%a)+10gﬂ(a|$)) log gc(a|z)]

@ log/exp(Q(ac7 a) + log m(alz)) = log Eqmn(.2) [ exp (Q(x,a))].

(a) This follows from Lemma 4 in Nachum ez al. [2017]. O
We now turn to the proof of our main lemma.

Proof of Lemma 1. From (6), for any state x € X', we may write the g.-induced operator as

c(alz z'|z,a
Tar V1) = B o[- 7l 0) — 108 %) 4 o By [V(&) — og 240 1220)]

w(alr) = €Ay p(z'|z,a)
o o el ,
= Eongo(-lo) [77 r(@a) —log v +logE, ~p(lz.a) [exp(V (@ ))]]
®) e e(alT)
= Eongo(]a) [Q(m, a) — log (alz) ]

(a) From Lemma 5.
(b) From the definition of the Q-function in (9).
This concludes the proof of (10), the first statement of Lemma 1. Now to prove the second statement (Eq. 11), we may write

qa(w'\xya)]]

ge(alz)
TVI(z) = max Eq,og, (o) [77 cr(z,a) —log ===+ max Eyvg,( |z, [V(x/) —log @[, a)

ac€AA m(alr)  ai€dx
ge(alz)

m(alz)
®

=10g Eqrn(a) [exp (n +7(2,0) + 108 Bt p(.jz,0) [exp (V(2))] )}

=logEanr(.|a) [eXP (1 7(%,0))Earmp(fo,a) [ €xP (V(w'))]]

=1ogEqmn(.|2),2"~p(-|z,a) [exp (77 r(z,a) + V(JC/))]

@
= Jax Bage(la) [77 ~r(w,a) —log

+10gEor (- |2,a) [exp(V(iE,))”

(a) and (b) both come from Lemma 5.
This concludes the proof of (11), the second statement of Lemma 1. ]

A.2 Proof of Lemma 2

We only prove the properties of the optimal operator, 7, here. The proof for the ¢.-induced operator, 7,
arguments.

1. Monotonicity: For any functions V, W : X — R, such that V(z) < W(x), Vo € X, we have T[V](z) <
TIW|(z), Vz € X.

follows similar

e



Proof. For the case of € XY (the set of terminal states), the property trivially holds. For the case of x € X, from the definition
of the optimal operator in (11), it is easy to see that for all z € X', we have

nr(oa) +log [

x T

p(&'fo,a) exp (V@) < - ro.a) +1og | (o'}, a) exp (W(a"),
which means 7[V](z) = log Eqr(.|2),2'~p(|z,0) [eXp (n-r(m, a)+V(a:’))] S TW(x) = log Equn(|z),a'~p(-|z,0) [exp (77-
r(z,a) + W(z'))], Vo € X. This completes the proof of monotonicity. O

2. Contraction: There exists a vector with positive components, i.e., p : X — R>¢, and a discounting factor 0 < v < 1 such
that

ITIVI=TIWIlle <AV =W,

where the weighted norm is defined as || V||, = max,cx p((z))
Proof. For the case of x € X (the set of terminal states), the property trivially holds because the contraction maps to zero.
For the case of x € X, following the construction in Proposition 3.3.1 in Bertsekas [1995], consider a risk-sensitive entropy-
regularized stochastic shortest path problem (via dynamic exponential risk formulation from Borkar [2002]), where the reward
are all equal to 1/7). Based on similar arguments as in Proposition 3.3.1, there exists a fixed point value function V, such that

V(x) =14 max /qc(a|x) (logEI/Np(“I’a) [exp (V(m'))] —log qC(a|x)) .

€84 J, 7(alz)
Using the results from Lemma 1, the above statement further implies that:

V(x) =1+108Equr(|2),e/ ~p(-|2a) [exp (V(ﬂc'))]

Notice that V(z) > 1 for all z € X. By defining p(z) = V(z), and by constructing v = max,cx(p(z) — 1)/p(z), one
immediately has 0 < v < 1, and

/
Eamgo( e [ 'z, a) (V(2') — log LZ12:0)y qc(“m]
qeeny aaeCle) | TR, /,;/ aa(@'|, @) (V(@') = log p(@'|z, a) ) o m

:lOgEaNﬂ(<|z),z’~p(~\z,a) [exp (V(ml))] = p(x) -1< ’)/p(.’L‘)

Then by following the same lines of analysis as in Proposition 1.5.2 of Bertsekas [1995], one can show that 7 is a contraction
operator. O

3. Unique Fixed-point Solution The optimal value function V} is its unique fixed-point, i.e., T[V;](x) = Vi (x), Va € X.

Proof. Let V. (x) be the optimal value function of the E-step problem in Eq. 5, and let V* be a fixed point solution: V' (x)
T[V](x), for any z € X. For the case when z € XY, the following result trivially holds: V,(z) = T[V,](z) = V*(z) =
Below, we show the equality for the case of x¢ € X.

First, we want to show that V;(z¢) < V*(xg). Consider the greedy policy G constructed from the Bellman operator
arg maxg. ea Tq, [V*](x). Recall that V*(x) is a fixed point solution to V (z) = T[V](x), for any 2 € X. Then for any bounded
initial value function Vj, the contraction property of Bellman operator 73+ implies that

0.

V() = lim T (Vol()
n—o00 qgEAx

= lim max E[Zn -r(x,ar) — KL(gz||7) (z¢) — KL(qallp) (2+, at) | qa, qp, Pol,
t—

for which the transient assumption of stopping MDPs further implies that

T* -1
V() = max E| Z 07w, ar) — KL(T;||7) (24) — KL(qallp) (21, ar) | 40, G2, Po].-

Since G is a feasible solution to the E-step problem, this further implies that V, (zg) < V*(xg).



Second, we want to show that V. (z¢) > V*(z¢). Consider the optimal policy ¢ of the E-step problem. Note that V* is
a fixed point solution to equation: V*(z) = T|[V*](x), for any x € X. Immediately the above result yields the following
inequality:

Vi) = Tg:[V7](2) < Tgz [V7(), Vo € X,

the first equality holds because G (-|x) is the minimizer of the optimization problem in 7 [V*](z), x € X. By recursively
applying Bellman operator 7, one has the following result:

Vi(z) < lim T [V7] ()

n—oo
T -1

— max E[ 3 n-r(on,a) - KL [Im)(@r) — KL{gallp) (o 00) | s, a2 w0 = 3] = Va(e), Var € .
d X t—0

Combining the above analysis, we prove the claim of V. (z¢) = V*(z0), and the greedy policy of the fixed-point equation,
i.e., g, is an optimal policy to the E-step problem.

A.3 Proof of Proposition 1

Proof. The proof follows by combining the definition of the Q-function (9) and Lemma 2 that indicates V is the unique
fixed-point of the optimal operator 7. Therefore, for any z € X', we can write

Ve (@) = TIVa)(2) 2108 B jo) [ xD(n - (2, @) * Bat o) [ exp(V ()]

o 10g Eqror(.1) [ exp(Q(x, a))] .

(a) This is from (11), the second statement of Lemma 1.
(b) If we apply exponential to both sides of (9), we see that what is inside the bracket is equal to exp(Q(x, a)).
This concludes the proof. O

A.4 Proof of Lemma 3

Proof. Since the variational policy, ¢2 is the solution to the optimization problem (13), following Corollary 6 in Nachum et al.
[2017], we may write that

¢@(alz) = exp (Q(z,a) + log m(alz)) __m(alz) -exp (Q(x,a))
C J,exp (Q(z,a) +logm(alz))  Eann(ia) [exp (Qz,a))]
This proves (15), the second statement of Lemma 3. To prove (14), the first statement of Lemma 3, we use the fact that the

variational dynamics, ¢ is the solution to the optimization problem (12), and thus, following Corollary 6 in Nachum et al.
[2017], we may write that

o (e a) = -2 (V(@') +1ogp(z'|z,a))  pla|z,a) - exp (V(2'))
d ) - = .
[, exp (V(a') +logp(a’|z,a))  Eurmp(le.a)[exp (V(2))]
This completes the proof. The second equality in (14) is straightforward, because by taking exponential from both sides of (9),
we have

Eo/ wp(-z,a) [exp (V(m'))] = exp (Q(Jc, a)—mn-r(z, a)).
O

A.5 Proof of Lemma 4

In Lemma 2, we proved that the g.-induced operator, 7, is monotonic and contraction. Therefore, it is clear that for any ¢,
starting from an arbitrary value function V" and iteratively applying 7, , we will converge to the fixed-point of this operator,

ie., V. = T,4.V,.. This proves that the policy evaluation step at each iteration k takes qgk), as input and returns the qﬁk)-induced
value function V ). What needs to be proved is the policy improvement step to show that Vch+1) (z) > Vq@ (), Vo € X,

when forall z € X and a € A, we have

7(alz) - exp (quc) (z,a))

g ;
IEa~7'r(-|z) [eXp (quk) (‘Tﬂ a))}

alr) =



and

quc) (z,a) =n-r(z,a)+logEy op|z,a) [exp (ngc) (m'))}

Proof. Since from (13), for all z € X and a € A, we have

(k+1) — E ~ log 2e2I7)
g (alz) arg max amae (1) (@0 (,a) — o w(a\m)]’

for all x € X', we may write

(k+1) (k)

e 2 (alz) Coe 2o (a])
B0 oy [ Qe (@) — log m(alz) [ 2B, 01 (@ (2:0) —log (alz) ]
@ TV wl@) =V a(z). (30)

(a) This is from (10).
We know that if we start from any arbitrary value function V" and iteratively apply 7;(k-+1) , we will convergence to Vq(k+1). If
we start from V' = Vq<k), for all z € X', we have

Ve (@) = lim Tt [Vio)(@) = Tim Tl [T, V]| @)

(@ . n—1 \

= T Bttty (@ (02 ) = hog ]
®) .

> lim Tl Voo l(@) 22 Togan [V w] (@) 2 Vo (@)

n—oo ¢ -

B+ (gl
(a) This is by replacing 7:1(k+1) [Vq(m](x) with ]EaNq(k+1)(V|w) [Qq(k) (z,a) —log ‘IR:T(SC)‘)} from (10).
(b) This is from (30) and the monotonicity of the operator 7:1<k+1) from Lemma 2.
This concludes the proof. O

The policy improvement step of the model-based and model-free PI algorithms discussed in Section 4.2 perform the update of
Eq. 15. Calculating the denominator of this update when the number of actions is large or infinite (continuous action space)
could not be done efficiently. In this case, similar to a number of algorithms in the literature (e.g., soft actor-critic), we replace
the update of Eq. 15 with the following KLL minimization:

¢F*V(-|z) = arg min KL <qc(‘|:v) Iz o

qQc€EA 4

w(-|z) - exp (Q (i) (w,-))
d¢ , VreX.
arr(-|z) [ €XP (qum (z,a))]
Now in the following corollary, we prove that even in this case we will see policy improvement, and thus, the algorithms will
eventually converge to the optimal variational distributions ¢* = (¢}, ¢}).
(k+1)

Corollary 6. Let at iteration k, the variational policy, q; , is computed as the exact solution to the KL optimization (31).
Then, we have ‘/(1(k+1)(x) > Vq(k)(x), Vo e X.

(k+1)

Proof. Since q is the minimizer of (31), we may write

m(alz) - exp (Q ) (z,a)) m(alz) - exp (Q ) (z,a))
B+ (g2 de ") (q|x de .
KL <qc ) g T (@ <m>)]> <KL <qc ) g T (0.0 (%a))]) (32)

Let Z () := Bgmn(|a) [exp (qu (z,a))], then we may rewrite (32) as

¢ (al2)

Ea~q£k+l)("w) [quk)(l’,a) — log 7T(a|m)

=B, o0 [2,00(00] 2

*) (gl
g (al )]

EaNqﬁk)Hz) [Qq((:k) (z, a) — log (a|o) — EaNqék) I:Zqék) (CC)]



Since Z ) (+) is a function of x, we have

Y (alz)

qc
EaNqﬁki»l)(“w) [Qqﬁk) (z,a) —log |- Zq((;k) (z) >

m(alz)
(k)
g (alz)y

B peal® 1oy [ Qi (2, @) — log (alz) ] =20 ().

Thus, the Z terms are removed from both sides of the above inequality and we return to Eq. 30 in the proof of Lemma 4. The
rest of the proof is similar to that of Lemma 4. O



B Value Iteration for the E-step

Similar to the E-step of the VMBPO algorithm, at the beginning of the E-step we generate a number of samples (z, a, r, 2’) from
the current baseline policy 7 and add them to the buffer D. The E-step consists of four updates: 1) computing the variational
dynamics ¢4, 2) estimating the log-likelihood ratio log(gq/p), 3) computing the updated value, V', and action-value, ), functions
(critic update), and finally 4) computing the variational policy new q. (actor update). Step 1), Step 2), and Step 4) are identical to
that in the VMBPO algorithm (with the corresponding value functions estimated by fitted Q iteration). We therefore focus on
describing Step 3) below for both the model-based and model-free cases.

B.1 Step 3: The Model-based E-step Critic Update

To compute V' (fixed-point of 7)) and its action-value @), we first rewrite (6) with the maximizer g, from Step 1 and the
log-likelihood ratio log(gq/p) from Step 2:

ge(alz)
T[V] (z) = q?éaAXA EaNqC(<\z) [77 -r(z,a) — log (al2) + IEI/quMz,a;gd) [V/(x/; 9;) — V(x’|x, a; 91,)]] (33)

=1ogEorr(.|a) [exp (77 cr(z,0) + By gy (-a,ai04) [V/(a:/; 0,) — v(z' |z, a; 9,,)])]

Since T can be written as both (11) and (33), we compute the Q-function by setting the RHS of these equations equal to each
other, i.e., forallz € X anda € A,

Q(z,a;04) =n-r(z,a) + Em/qu(A‘m,aﬁgd)[V’(m'; 0,) — v(z|z,a;0.))]. (34)

Similar to that in VMBPO, since the expectation in the above expression is w.r.t. the variational dynamics (model) g4, we can
estimate () only with samples generated from the model. We learn 6, by minimizing the following square-loss:

Op =argmin Y (Q(z,a;0) — -7 —V'(2';0,) + v(a'|x, a;6,))°, (35)
0
(z,a,r,x’)~E
without sampling from the true environment. On the other hand, we approximate V, the fixed-point of 7 (i.e., V(z) = T[V](x),
Va € X), using the 7 definition in (33). This results in updating V' by taking several steps in the direction of the gradient of a
sample average of the square-loss obtained by setting the two sides of the fixed-point equation to be equal, i.e.,

0, = argeminz (exp (Q(z,a;04) — V(x;0)) — 1)27 (36)

where z is randomly sampled and a ~ 7 (-|x).

B.2 Step 3: The Model-free E-step Critic Update

Suppose we have access to the policy 7, we now aim to learn the corresponding value functions (critic) V" and (). Recall from
Lemma 1, we know that V' is a unique solution of fixed-point equation 7 [V](z) = V(x), Vx € X. Suppose we parameterize

V (z) with function approximation V (z; 6, ), and similarly Q(z,a) with Q(x, a;6,). Similar to soft DQN, one way to learn

V(x;0,) and Q(z, a; 6,) is by minimizing the following objective function respectively, over the data from the replay buffer D
sampled from the environment:

0, < arg mgin Z (exp (Q(az, a;0)—nr—V(z'; 9;)) - 1)2 , 37)

(z,a,r,x’)~D

where V (2; 0) is a target Q-function, and

0y « arggmin Z (exp (Q(z,a;0,) — V(z;6)) — 1)2. (38)

z,a~vm(-|T)

The above learning is completely off-policy—the target is valid no matter how the experience was generated (as long as it is

sufficiently exploratory). Under this loss, critic learning can be viewed as £o-regression of exp(Q(z, a;0,) —nr — V(z;0,))
w.r.t. the target label 1, such that the value function V' (x;#6,) is learned to minimize the the mean squared Bellman error:

(TIV](z) =V (x))2 ie., ?xp(V(x; 0v)) = B (-2),0/~p(-|2,a) | €XP (07 (2, aA) +V(2'10,))] = Eqn(a) [ exp(Q(, a3 0,))].
Va € X, and to enforce Q(z, a;0,) =1 - r(z,a) +log [,, ., P(2'|x,a) exp V(2';6,).



C Pseudo-code of VMBPO

This section contains the pseudo-code of our variational model-based policy optimization (VMBPO) algorithm, whose E-step
and M-step have been described in details in Sections 5.1 and 5.2.

Algorithm 1 Variational Model-based Policy Optimization (VMBPO)

1: Inputs: replay buffer D; neural networks representing variational dynamics 64, variational policy 6., log-likelihood ratio 6,, value

2:
3
4:
5:
6
7
8

22:
23:
24
25:

function 6,, action-value function 6, target value function 6;,, target action-value function 9;, baseline policy 6;
fort=1,2,...do
for a number of interactions with the environment do

Observe state z;  Take action a ~ 7(+|x;0.); Observe r = r(x,a) A =’ ~ p(:|z,a);
Update the buffer D <+~ DU (x,a,r,x’); Replace z + ';

end for

# E-step (K is the number of E-step iterations)

fork=1,..., Kdo
# Step 1 (updating variational dynamics qq4)
Sample a number of (z,a,7,2') ~ D;  Update g4 parameter 04 using gradient of (19);
# Step 2 (updating log-likelihood ratio v = log(qa/p))

Sample a number of (z,a,z’) ~ D;  Sample x’ ~ gq for the same (z,a);

Update v parameter 0, using gradient of (21);

# Step 3 (critic update — updating V;, and Q)

Sample a number of (z, a,r, =) from the model; #ar~q(|z), 2 ~ qa(-|z,a)
Update () parameter 6, using gradient of (23);

Sample a number of (x, a) from the model; #a~ qc(-|z)
Update V' parameter 6, using gradient of (36);

# Step 4 (actor update — updating g — policy improvement)

Update g. parameter 6. either using gradient of (25) or by solving (15) in closed-form;

# target networks 0;,, 6;, are set to an exponentially moving average of the value networks 6, 6,

0y <+ 710y + (1 —7)0,; 0y < 70, + (1 —7)0;

end for
# M-step (updating the baseline policy )
Update baseline policy 7 parameter 6, either by setting it to 6. or by solving the MAP problem (27)

26: end for




D E-step with Model-free Policy Iteration

In Sec. 4.2, we described a model-free PI algorithm for solving the E-step of our variational formulation. In this algorithm,
qq 1s computed at the end of the E-step, and thus, only used to generate samples in the M-step. We call the RL-version of
this algorithm, whose E-step is model-free and M-step is model-based, VMBPO with model-free E-step (VMBPO-MEFE). In
VMBPO-MFE, we first estimate ), using (9) and then approximate V,_ by minimizing the (fixed-point) loss (V — 7, V)2,
where 7, is computed from (10) by setting () equal to the target action-value network Q’. The g, update (policy improvement)
is exactly the same as the actor update (Step 4) of VMBPO, described in Sec. 5.1. After several E-step updates, g4 is computed
from (14). This is followed by the M-step, which is identical to that of VMBPO, described in Sec. 5.2. We report the details of
VMBPO-MFE and its pseudo-code in Appendix D. Although VMBPO-MFE is less complex than VMBPO, our experiments in
Sec. 6 show that it is less sample efficient (i.e., achieves worse performance than VMBPO with the same number of real samples).
The main reason for this is that VMBPO uses simulated samples in both E and M steps, while VMBPO-MFE only uses them in
the M-step. Moreover, our experiments show that VMBPO-MFE may degenerate in certain cases, due to the instability of the
exponential temporal difference (TD) learning in the critic step. The log expectation term in (9) creates challenges for finding
an unbiased empirical loss to estimate (), and when it is removed by taking exponential from both sides of (9), the resulting
exponential terms cause numerical instability in the updates.

Algorithm 2 Variational Model-based Policy Optimization with Model-free E-step (VMBPO-MFE)

1: Inputs: replay buffer D; neural networks representing variational policy 6., value function 6,,, action-value function 6, target value
function 0;,, target action-value function 6/, baseline policy 0;

2: fort=1,2,...do
3 for a number of interactions with the environment do
4: Observe state z;  Take action a ~ 7(+|x;0=); Observe r = r(x,a) A =’ ~ p(-|z,a);
5: Update the buffer D «+ DU (z,a,r,z’); Replace z + x’;
6 end for
7 # E-step (K is the number of E-step iterations)
8 fork=1,...,Kdo
9: # Step 1 (critic update updating V. and Qg,)
10: Sample a number of (z, a,r, z’) from D; #a~q(|z), 2 ~p(|z,a)
11: Update () parameter 6, using gradient of (39);
12: Sample a number of (z, a) from the D; #an~ q.(|x)
13: Update V' parameter 6, using gradient of (40);
14: # Step 2 (actor update — updating g. — policy improvement)
15: Update g. parameter 6. either using gradient of (25) or by solving (15) in closed-form;
16: # target networks 0;,, 67, are set to an exponentially moving average of the value networks 6, 6,
17: 0y <+ 10y + (1 —7)0,; 0y < 70, + (1 —7)0;
18:  end for
19:  # M-step (updating the baseline policy )
20:  Update baseline policy 7 parameter 6, either by setting it to 6.
21: end for

D.1 The Model-free E-step Critic Update

Suppose we have access to the policy 7, and posterior policy g., we now aim to learn the corresponding value functions
(critic) Vi 4. and @ q.. Recall from Lemma 1, we know that V; ;. is a unique solution of fixed-point equation 7, [V](z) =

V(z), Y& € X. Suppose we parameterize Vj 4. () with function approximation V; ,_(;6,,), and similarly Q ,. (z,a) with

Qr.q. (2, a;0,). Similar to soft DQN, one way to learn Vi ,_(x;6,,) and Q. (, a; 8,) is by minimizing the following objective
function respectively, over the data from the replay buffer D sampled from the environment:

0, + arg mein Z (exp (Qﬁ,qc (z,a;0)—nr— Vg (2; 6’:,)) - 1)2 , (39

(z,a,r,x’)~D

where V4. (2';60)) is a target Q-function, and

7(alz)

2
0; - argmin 3 (Vw,qc(w;e)f / ge(alo) (quc(x,a;eq),logqc(am)), (40)
ac€A

(z,a,r,x’)~D

The above learning is completely off-policy—the target is valid no matter how the experience was generated (as long as it is
sufficiently exploratory). Under this loss, critic learning can be viewed as ¢>-regression of exp(Qr q. (z, a; 0q) —nr—Vz 4. (2; 0,))
w.r.t. the target label 1, such that the value function V; , (z;6,) is learned to minimize the the mean squared Bellman error:

(To.[V](z) = V())? and to enforce Q. (2, a;0,) = 1 - r(z,a) + log Joex Pz, a) exp Vieao (250,).

c



E Experimental Details

’ Environment | State dimension | Action dimension
Pendulum 3 1
Reacher 11 2
Hopper 11 3
Reacher7DoF 14 7
Walker2D 17 6
HalfCheetah 17 6

Table 3: State and Action dimensions of various benchmark environments.

Hyper Parameters for MBPO and VMBPO Value(s)
Discount Factor 0.99
Number of Model Ensemble Networks 7
Number of Expert Networks 2
Number of Q Ensemble Networks 2

Dynamics Model Network Architecture

MLP with 4 hidden layers of size 200

Critic Network Architecture

MLP with 2 hidden layers of size 200

Actor Network Architecture

MLP with 2 hidden layers of size 200

Exploration policy N({0,0=1)
Exploration noise (o) decay 0.999
Exploration noise (¢) minimum 0.025
Temperature 0.99995
Soft target update rate (7) 0.005
Replay memory size (Both D, &) 108
Mini-batch size (AC) 64
Mini-batch size (Model-learning) 256
Model learning rate 0.0003

Critic learning rates

0.001, 0.0005, 0.0002

Actor learning rates

0.0005, 0.0002, 0.0001

Neural network optimizer

Adam

Table 4: Hyper parameters settings for MBPO and VMBPO. We sweep over the critic learning rates and actor learning rates for tuning.

For baseline algorithms, we either use the code the authors open-sourced or implement on our own and deliberately use the
configurations shown in the literature. Among them, Table 4 shows the hyper parameters for MBPO and VMBPO in more detail.



E.1 Additional Experimental Results
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Figure 2: Mean cumulative reward of the best hyper parameter configuration over 5 random seeds.
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Figure 3: Mean cumulative reward over all hyper-parameter and random-seed configurations. We do not include PETS and STEVE because the
hyper-parameters are adopted from their papers.
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