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Abstract

We study two randomized algorithms for gener-
alized linear bandits. The first, GLM-TSL, sam-
ples a generalized linear model (GLM) from the
Laplace approximation to the posterior distribu-
tion. The second, GLM-FPL, fits a GLM to a ran-
domly perturbed history of past rewards. We an-
alyze both algorithms and derive O(dv/nlog K)
upper bounds on their n-round regret, where d is
the number of features and K is the number of
arms. The former improves on prior work while
the latter is the first for Gaussian noise perturba-
tions in non-linear models. We empirically eval-
uate both GLM-TSL and GLM-FPL in logistic ban-
dits, and apply GLM-FPL to neural network ban-
dits. Our work showcases the role of randomiza-
tion, beyond posterior sampling, in exploration.

1 Introduction

A multi-armed bandit [LLai and Robbins, 1985, Auer et al.,
2002, Lattimore and Szepesvari, 2019] is an online learn-
ing problem where actions of the learning agent are repre-
sented by arms. The arms can be treatments in a clinical
trial or ads on a website. After an arm is pulled, the agent
receives a stochastic reward. The agent aims to maximize
its expected cumulative reward. Since the agent does not
know the mean rewards of the arms in advance, it faces the
exploration-exploitation dilemma: explore, and learn more
about the reward distributions of the arms; or exploit, and
pull the arm with the highest estimated reward thus far.

A generalized linear bandit [Filippi et al., 2010, Zhang
et al., 2016, Li et al., 2017, Jun et al., 2017] is a variant
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of the multi-armed bandit where the expected rewards of
arms are modeled using a generalized linear model (GLM)
[McCullagh and Nelder, 1989]. Specifically, the expected
reward is a known function p, such as a sigmoid, of the dot
product of a known feature vector and an unknown param-
eter vector. In the earlier clinical example, the feature and
parameter vectors could be treatment indicators and effects
of individual treatments, respectively.

Most existing algorithms for generalized linear bandits are
based on upper confidence bounds (UCBs). Motivated by
the superior performance of randomized GLM algorithms
[Chapelle and Li, 2012, Russo et al., 2018], we study two
randomized algorithms for this class of problems, GLM-TSL
and GLM-FPL. GLM-TSL samples a GLM from the Laplace
approximation to the posterior distribution. GLM-FPL fits a
GLM to a randomly perturbed history of past rewards.

We analyze GLM-TSL and GLM-FPL, and prove that their n-
round regret is O(d\/nlog K), where d is the number of
features and K is the number of arms. The regret bound of
GLM-TSL improves on the best prior regret bound [Abeille
and Lazaric, 2017] by a multiplicative factor of y/d/ log K
in the finite arm setting and matches it in the infinite arm
setting. The regret bound of GLM-FPL is the first for Gaus-
sian noise perturbations in non-linear models, although we
derive it under an additional assumption on arm features.

We also evaluate GLM-TSL and GLM-FPL empirically. Both
have a state-of-the-art performance in logistic bandits, the
most important practical use case of GLM bandits. Just as
importantly, the perturbation scheme in GLM-FPL general-
izes straightforwardly to complex reward models, such as a
neural network. To demonstrate this, we apply GLM-FPL to
high-dimensional classification problems and show that it
can learn complex neural network mappings from features
to rewards. The simplicity of GLM-FPL suggests that it may
find broad application in the future.
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Algorithm 1 General randomized exploration in general-
ized linear bandits.
1: Inputs: Number of exploration rounds 7

2: fort=1,...,ndo
3 if ¢ > 7 then

4 0; + Randomized MLE on {(X/, Yg)}zj
5: Iy < argmax ;g a:;'—ét

6: else

7 Choose I; based on {X,},_;

8 Pull arm I; and get reward Y7, ;

9 thxjt, Y;5<_Y1t7t

2 Setting

We adopt the following notation. The set {1,...,n} is de-
noted by [n]. All vectors are column vectors. For any pos-
itive semi-definite (PSD) matrix M, A\pin(M) > 0 is the
minimum eigenvalue of M. For any n x n PSD matrices
M, and My, M; = M, if and only if " Mz < o7 Mox
for all z € R%. We let ||z||as = V2T Mx and Ber(p) be
the Bernoulli distribution with mean p. The indicator that
event F occurs is 1{E}. We use O for the big-O notation
up to logarithmic factors in horizon n.

A generalized linear model (GLM) is a probabilistic model
where observation Y given feature vector z € R has an
exponential-family distribution with mean y (2" 6), where
w is the mean function and § € R are model parameters
[McCullagh and Nelder, 1989]. Let D = {(z¢,y¢)},_, be
a set of n observations, where 2, € R and ye € R. The
negative log likelihood of D under model parameters 6 is

|D|
L(D;0) = " b(x/ 0) — yewy 0 — c(ye) ,
=1

where c is a real function, and b is twice continuous}y dif-
ferentiable and its derivative is the mean function, b = pu.
The gradient and Hessian of L(D; 0) with respect to 6 are

|D]

VL(D;0) =Y (u(w 0) — yo)we, )
=1
|D]

V2L(D;0) = ) jux/ O)aex/ ©)
=1

where /1 denotes the derivative of y. The mean function p
is increasing and therefore its derivative i is positive. The
maximum likelihood estimate (MLE) of model parameters
is a vector § € R? such that VL(D; ) = 0.

A stochastic GLM bandit [Filippi et al., 2010] is an online
learning problem where the rewards of arms are generated
by some underlying GLM. Let K be the number of arms,
x; € RY be the feature vector of arm i € [K], and 6, € R¢

be an unknown parameter vector. Then the reward of arm
i inround ¢ € [n], Y;,, is drawn i.i.d. from a distribution
with mean y; = p(z, 0.). We assume that n;; = Y; ¢ —
p(x] 0,) is o2-sub-Gaussian. That s,

E [exp[An; 4]] < exp[)\202/2]

holds for all arms %, rounds ¢, and A > 0. In round ¢, the
agent pulls arm I; € [K] and observes its reward Y7, ;. The
goal of the agent is to maximize its expected cumulative
reward in n rounds. To simplify notation, we denote the
feature vector of arm I; by X; = x7, and its stochastic
reward by Y; = Y7, ;.

Without loss of generality, we assume that arm 1 is the
unique optimal arm, that is p1 > max;~q p;. Let A; =
1 — ; be the suboptimality gap of arm i. Maximization
of the expected cumulative reward over n rounds is equiv-
alent to minimizing the expected n-round regret, which is
defined as

R(n) = ZAiE lzn: 1{I, = i}] . 3)

3 Algorithms

Our GLM bandit algorithms follow the template in Algo-
rithm 1. They explore initially in 7 rounds, so that the esti-
mated parameters in subsequent rounds have “good” prop-
erties. The exploration strategy is detailed in Section 4.5.
After the initial exploration, they act greedily with respect
to randomized parameter vectors 0;. Specifically, they pull
arm I; = arg max ;) «; 0 in round ¢. If this maximum
is not unique, any tie breaking can be used.

3.1 Algorithm GLM-TSL

We study two algorithms. The first algorithm, GLM-TSL, is
a variant of Thompson sampling [Thompson, 1933] where
the posterior of 6, is approximated by its Laplace approxi-
mation. The randomized parameter vector is sampled from
the Laplace approximation

0, ~ N (0,0 H; ), @)
where
6, = argmin L({(X,,Y)}!2110),
OcRd
t—1 )

Hy=> (X 0:)X, X[,
=1

and @ > 0 is a tunable parameter. Chapelle and Li [2012]
and Russo et al. [2018] evaluated GLM-TSL empirically. In
addition, Abeille and Lazaric [2017] proved that GLM-TSL
has O(d? /n) regret in the infinite arm setting. We prove
that GLM-TSL has O(d+v/nlog K) regret when the number
of arms is K.
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3.2 Algorithm GLM-FPL

We also propose a follow-the-perturbed-leader (FPL) al-
gorithm, GLM-FPL. In GLM-FPL, the randomized parameter
vector is the MLE from past ¢t — 1 rewards perturbed with
Gaussian noise,

0, = arg min L({(Xg,Yg—i—Zg) — 1,9), 6)
0eRd

where Zy ~ N (0, a?) are normal random variables that are
resampled in each round, independently of each other and
the history, and a > 0 is a tunable parameter. Surprisingly,
this perturbation does not change the parameter estimation
problem. In particular, it only shifts the gradient of the log
likelihood in (1) by Z; X, and the Hessian in (2) remains
positive semi-definite. In this work, we show that GLM-FPL
has O(dy/nlog K) regret when the number of arms is K,
under an additional assumption on arm features.

The design of GLM-FPL is motivated by the equivalence of
posterior sampling and perturbations by Gaussian noise in
linear models [Lu and Van Roy, 2017], when the prior of
0. and rewards are Gaussian. In GLMs, these two are not
equivalent. Thus GLM-TSL and GLM-FPL are different algo-
rithms. GLM-FPL can be also viewed as an instance of ran-
domized least-squares value iteration [Osband et al., 2016]
applied to bandits. The specific instance in this work, ad-
ditive Gaussian noise in a GLM, is novel. Finally, we note
that the perturbation in (6) can be directly applied to more
complex models, such as neural networks (Section 5). This
is arguably its most attractive property.

3.3 Computationally-Efficient Implementations

The MLEs in (4) and (6) can be computed by iteratively
reweighted least squares (IRLS) [Wolke and Schwetlick,
1988], which uses Newton’s method. Roughly speaking,
each step of IRLS multiplies the inverse of (2) and (1). If
(2) and (1) can be expressed independently of round ¢, the
computational cost of an IRLS step does not increase with
t. This is viable for any set of feature vectors X’ using

erX(Nm,u(xTG) - D owex Nyfi(zT0)wa™

where N, is the number of times that = appears in history
D, and Y, is the sum of its rewards. Both NV, and Y, can
be updated incrementally. Finally, adding A/(0, a?) noise
to each reward in (6) is equivalent to adding N'(0, N,a?)
noise to each Y, above.

Ym)xa

The pulled arm in line 5 of Algorithm |1 can be computed
efficiently even when the arm space is infinite, such as an
intersection of half spaces. This is true of prior GLM ban-
dit algorithms (Section 6). The MLE in line 4 cannot be
computed efficiently in general, independently of round ¢,
as in all prior algorithms except that of Jun et al. [2017].
We study one approximation empirically in Section 5.2.

4 Analysis

Our analysis is organized as follows. In Section 4.1, we
review technical challenges that arise in analyzing GLM
bandits and their solutions. In Section 4.2, we outline our
analysis. In Sections 4.3 and 4.4, we prove regret bounds
for GLM-TSL and GLM-FPL. We discuss them in Section 4.5.

4.1 Technical Challenges

One challenge in analyzing GLMs is that they do not have
closed-form solutions. Nevertheless, their solutions can be
expressed using the gradient and Hessian of the log like-
lihood (Section 2). This is the key idea in the analyses of
GLM bandits [Filippi et al., 2010, Li et al., 2017] and we
present it below.

Lemma 1. Let Dy = {(x¢,y¢1)},_, be a set of n obser-
vations and Dy = {(x¢,ye,2)},_, have the same features
as Dy. Let 01 be the minimizer of L(D1;0) and 05 be the
minimizer of L(Ds;0). Then

n
Zyzz—ym
=1

where 0" = afy + (1 — «)bs for some « € [0, 1].

= V2L(Dy;0') (02 — 6,),

Proof. By the definition of the gradient in (1),
VL(Dy;0) — VL(D2;0) = > (ye2 — yea)x
(=1

holds for any #. Moreover, from the definitions of #; and
02, VL(Dy;01) = VL(Dy;05) = 0. Now we apply these
identities and obtain

n

Z(ye,z —yg1)xe = VL(D1;02) — VL(D2; 62)

=1
= VL(Dl, 92) - VL(Dl, 91)
= VQL(Dl, 9/)(92 — 91) .
where ¢’ is defined in the claim. O

Another challenge is /i(z] 6) in (2). To apply ideas from
linear bandit analyses it must be eliminated. We do so as
follows. Let G = Ze 1 Tz, be an unwezghted Hessian
with the same features as (2). Let cmin < fi(z, J0) < Cmax
for some ¢pin and ¢pay, and for all £ € [|D|]. Then from
the definition of (2), cminG =< V2L(D;0) = CmaxG and

b G71 = (V2L(D;60)) ™! = ¢k G, Because of this,

the derivatives of y» must be controlled.

To control the derivatives of j at 6, and 0, (Section 3), we
initially explore so that #; and 6, are in the unit ball cen-
tered at 0, with a high probability. This gives rise to

. s T
fimin = MiN|jz),<1, |6-6,[l,<1 f(T ' 0)
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in our regret bounds, the minimum derivative of p in the
unit ball centered at 6,.. This trick [Li et al., 2017] requires
that ||x;||2 < 1 for all arms 4, and we assume this in our
analysis. We define the maximum derivative of |1 as

. _ . T
fimax = MaX|4|,<1,9cre (T 0).

This factor is typically easy to control. In logistic regres-
sion, for instance, fi.x = 1/4.

4.2 Outline of Our Analyses

Let 6, be the unknown parameter vector, @t be its MLE
in round ¢, and ét be the randomized MLE in round ¢. At
a high level, we bound the regret under assumptions that
0; — 0., 0, — 0, and 6, is optimistic. We show that the
corresponding favorable conditions hold with a high prob-
ability and define the corresponding events below.

Let 73 = o(Iy,...,I;,Y1,...,Y;) be the o-algebra gen-
erated by the pulled arms and their rewards by the end of
round ¢ € [n]. We let Fy = {0, Q}, where Q is the sample
space of the probability space that holds all random vari-
ables. Then (F;); is a filtration. Let
Pe()=P(|F-1) . E[]=E[|F-],

be the conditional probability and expectation, given the
history at the beginning of round ¢, F;_1, respectively. Let
Gy = 2;1 XX, be the unweighted Hessian in round ¢
and Apax = max;e(g) A; be the maximum regret.

To argue that §, — 6., we define
vy = {vi e [K]: |20 - o] 0.| < ctllaill g b, D

the event that x 6; and x; 0, are “close” for all arms i in
round ¢, where ¢; > 0 is tuned later such that event E; ;
is likely. Specifically, let E; ; be the complement of E ;.
Then we set ¢; such that P (E1 ;) = O(1/n).

The upper bound on P (El,t) is motivated by Lemma 3 in
Li et al. [2017]. We reprove the lemma since it contains a
subtle error. In particular, the proof that ||f; — 0.]2 < 1
holds with a high probability assumes that the agent does
not act adaptively up to round ¢, which it clearly does for
anyt > 7.

To argue that 6; — 0,, we define

By = {Vi e [K]: ’:Jét — 274,

<alillgn) . ©

the event that xjét and z; 0; are “close” for all arms i in
round ¢, where co > 0 is tuned later such that event I ;
is likely given any past. Specifically, let E ; be the com-
plement of E5,. Then we set ¢y such that Py (Es,) =
O(1/n). This part of the analysis relies on the properties
of our perturbations and is novel.

Finally, to argue that 0, is sufficiently optimistic given any
past, we define event

B, = {xfe} a8, > 01Hx1||G;1} )

To obtain P, (E3 ;) = O(1), we set parameter ¢ in (4) and
(6). This part of the analysis relies on the properties of our
perturbations and is novel.

Our analysis is sufficiently general, so that it can be used
to analyze different randomized algorithms. To show this,
we use it to analyze both GLM-TSL and GLM-FPL. The cen-
tral part of the analysis is an upper bound on the expected
per-round regret of any randomized algorithm whose per-
turbed solution in round ¢ is a function of its history. The
corresponding lemma is stated below.

Lemma 2. Let py > Py (Eay), ps < Py (Esy), and p3 >
p2. Then on event E 4,

2
Ey[Ar] < fimas(cr + c2) (1 n ) x
P3 — P2

E, |:||xIt||G;1:| + AInaxp2 .

The hardest part in the analyses of GLM-TSL and GLM-FPL
is to bound p, and p3 in Lemma 2.

4.3 Analysis of GLM-TSL

Now we are ready to analyze GLM-TSL and GLM-FPL. The
regret bound of GLM-TSL is stated below.

Theorem 3. The n-round regret of GLM-TSL is bounded as

2
< .IIl X 1 " 1/
R(n) < fmax(e1 + c2) < o 1/n> x
2dn 1og(2n/d) + (7' + 3)Amax )
where

a = cl\//ma

c1 = ofigt \/dlog(n/d) + 2logn,

cy =cy \/2/l;iln fimax log(Kn) ,

and the number of exploration rounds T satisfies

Amin(Gr) > max {o?1.2 (dlog(n/d) + 2logn), 1} .

Proof. The claim is proved in Appendix A.

The proof has three key steps. First, we bound the proba-
bility of event E; ; from above (Lemma 8 in Appendix B).
Second, we choose parameter a such that the probabilities
of events Eg’t and F5; are bounded for any history F;_;
(Lemma 4). Finally, we set the number of initial explo-
ration rounds 7 such that ||0; — 6. || < 1 is likely in any
round ¢ > 7 (Lemma 9 in Appendix B). O
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The above regret bound is O~(d\/n log K). We derive the
key concentration and anti-concentration lemma below.

Lemma 4. Let

a = c1\/flmax, Co=c1 \/2;1;11111 fimax log(Kn) .

Let E = {||0; — 0.]|2 < 1}. Then P, (E2;) < 1/n holds
on event E and Py (E5 ;) > 0.15.

Proof. By the design of GLM-TSL in (4),
l‘Tét — J)Tét ~ N(O, CLQH.’IIHiI:l)

for any vector x € R_‘i, where matrix H,; is defined in (5).

LetU = z'6; — x"6;. Because U ~ N (0,a?||z|? _,) is
t

a normal random variable, we have that

P, (U > a||xHHf_1) >0.15,
2
P, (U > c||xHH;1) < exp [_W] ,

for any ¢ > 0.

Now note that H; = fimaxGe. As aresult,

0.15 < P, (U > a||xHHt_1>

P, (U > a\/,zmgxuxngtl) .

For a = ¢1v/[tmax and & = x1, we get that event E3; in
(9) occurs with probability at least 0.15.

Moreover, Hy > fi,inG+ on event E, which yields

2
exp {_W} > P, (U > c||x||H;1)

> 2 (U2 el )

For ¢ = ay/2log(Kn), x = x;, and by the union bound
over all K arms, we get that event Ej ; in (8) occurs with
probability at most 1/7n. O

4.4 Analysis of GLM-FPL

The regret bound of GLM-FPL is stated below. The analysis
assumes that all feature vectors x; have at most one non-
zero entry. This assumption is discussed in Section 4.5.

Theorem S. The n-round regret of GLM-FPL is bounded as

R(n) < ﬂmax(cl + CQ) <1 +

2dnlog(2n/d) +

2\
0.15 —2/n
(T + 4)Amax )

where

a = Cl,amax )
ofigt \/dlog(n/d) + 2logn,
2log(Kn),

C1
o L1 .
Co = Cl/Jlmin Mmax
and the number of exploration rounds T satisfies

Amin(Gr) > max{4o?(1-2 (dlog(n/d) 4+ 2logn),
8a%(12 logn, 1}.

Proof. The claim is proved in Appendix A.

The proof has three key steps. First, we bound the proba-
bility of event F; ; from above (Lemma 8 in Appendix B).
Second, we choose parameter a such that the probabilities
of events Eg)t and F3; are bounded for any history F;_4
(Lemma 6). Finally, we set the number of initial explo-
ration rounds 7 such that ||§; — 0. ||z < 1/2 is likely and
|6; — 6.]l2 < 1 is conditionally likely given F;_1, in any
round ¢t > 7 (Lemma 10 in Appendix B). O

The above regret bound is also O(d\/nlog K). The key
concentration and anti-concentration lemma follows.

Lemma 6. Let

a = Cl/lmax 5 Cy = cl/ll;iln ﬂmax 2 log(Kn) .

Let E = {0, — 0.]]> < 1/2}, E' = {||6; — 6.> < 1},

and P, (E’) < 1/n on event E. Then P; (EQ t) <2/non
event E and Py (Es5 ;) > 0.15.

Proof. Fix any history F;_;. By Lemma |, where D; =
T -1
{(Xe, Yo)}iZy and Dy = {(Xg, Yo + Zg)}yZ). we get

Z Zo X, =

where Z, € N(0, a?) are i.i.d. normal random variables,

H,(0, —6,),

t—1
Hy = (X 0)X, X,
=1

and 0, = af; + (1 — a)ét for some a € [0,1]. Fix any
zeRYandletU = 2 Gy Y071 Z,X,. Then
e "G H (0, — 0,) =U ~ N(O,a2\|x||2G;1) .

Since U is a normal random variable, we have that

P, (U > a||x||G:1) > 0.15,

2
P, (U > c||9c||Gt_1) < exp [—222] ,
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for any ¢ > 0.

Since all feature vectors have at most one non-zero entry,
G, ! and H; are diagonal, as is G; * H;. By the definitions
of GGy and H +, diagonal entries of G ' ¢ are non-negative
and at most [i,,x. Let  have at most one non-zero entry.
Then 27 (6, — 0,) and = G; ' H, (6, — 0,) have the same
sign, which we use to derive

0.15 < P, (U = aljallg: )
<P (,umax JfT(ét - gt) > a||1:HG:1)
=P (J}T(ét - ét) > a/“"r;;meHG;l) .

For a = ¢qfimax and x = x1, we get that event 3 ; in (9)
occurs with probability at least 0.15.

The diagonal entries of G, VA, are non-negative, and also
at least fi;, on events F and E’. So, on event F,

2
exp {_W} >P, (U > CHJ}||G;1>

> Py (U > cllx)| -1, E’ occurs>
. = ~ 1
> Pt (fumin " (0= 00) > clallg ) =+

~ _ L 1
=Py (27 (0, = 0) > ciiphyllallg ) = -

For ¢ = ay/2log(Kn), x = x;, and by the union bound
over all K arms, we get that event Ej ; in (8) occurs with
probability at most 2/n. O

4.5 Discussion

The regret of GLM-TSL is O(dv/nlog K ) (Theorem 3). Up
to the factor of /log K, this matches the gap-free bounds
of GLM-UCB [Filippi et al., 2010] and UCB-GLM [Li et al.,
2017]. As in Agrawal and Goyal [2013b], the key idea in
our analysis is to achieve optimism by inflating the covari-
ance matrix in GLM-TSL by a = O(y/dlogn). This setting
is too conservative in practice. Thus, in Section 5, we also
experiment with ¢ = O(1), which is known to work well
in practice [Chapelle and Li, 2012, Russo et al., 2018].

The regret of GLM-FPL is O(dy/nlog K) (Theorem 5). Al-
though the bound scales with K, d, and n similarly to that
in Theorem 3, it is worse in constant factors. For instance,

co is additionally multiplied by 4/ p;}n [tmax- The number
of initial exploration rounds is also higher, since we need
to guarantee that 6, and 6, are close with a high probabil-
ity given any F;_;. As in GLM-TSL, the suggested value of
a = O(y/dlogn) is too conservative in practice. Thus, we
also experiment with @ = O(1) in Section 5.

The regret bound of GLM-FPL is proved under the assump-
tion that feature vectors have at most one non-zero entry.

We need this assumption for the following reason. We es-
tablish in Lemma 6 that

U= JfTGt_lfft(ét - ét) ~ N(O,aszHQG:l) .

Since a||x||,-: is one standard deviation of U, event U >
t

al|z|| ;-1 is likely. But we need event U’ = z 7 (6, — 0;) >
t

al|z| -1 to be likely. If G; ' and H, have different eigen-
t

vectors, U and U’ can have different signs, and jt is hard to

relate them due to potential rotations by G, LH,. Our as-

sumption guarantees that the eigenvectors of G, Yand H,

are identical. We leave the elimination of this assumption
for future work.

The initial exploration in GLM-TSL and GLM-FPL can be im-
plemented as follows. Let {v;}*_, C {z;}, be any basis
in R and M = Z?:l v;' v;. Then, to satisfy assumptions
Amin(G+) > C in Theorems 3 and 5, each arm in the basis
is pulled C\_1 (M) times.

S Experiments

We conduct two sets of experiments. In Section 5.1, we
assess the empirical regret of GLM-TSL and GLM-FPL in lo-
gistic bandits. Because of its simplicity and generality, the
perturbation mechanism in GLM-FPL can be easily applied
to more complex models. We assess it on contextual bandit
problems with neural networks in Section 5.2.

5.1 Logistic Bandit

The goal of this experiment is to show that our proposed
algorithms perform well. We experiment with a logistic
bandit, a GLM bandit where ;(v) = 1/(1 + exp[—v]) and
Y; + ~ Ber(u(z;] 6.)). The number of arms is K = 100.
To avoid bias in choosing problem instances, we generate
them randomly: the feature vector of arm ¢ is drawn uni-
formly at random from [—1,1]¢ and the parameter vector
is 0, ~ N(O0, 3d*21d), where I is a d x d identity matrix.
By design, var [x;rﬁ*] = 1, and so x;-'—G* € [—4,4] with
a high probability. We vary the number of features d from
5 to 20. The horizon is n = 50 000 rounds and our results
are averaged over 100 problem instances.

Our baselines are two UCB algorithms, GLM-UCB [Filippi
et al., 2010] and UCB-GLM [Li et al., 2017]. We experiment
with two designs for each evaluated algorithm, theory (as
analyzed) and informal (practical). For GLM-TSL, we use a
from Theorem 3 and a = 1, for which (4) reduces to sam-
pling from the Laplace approximation. For GLM-FPL, we
use a from Theorem 5 and a = 0.5. We choose the latter
since a in Theorem 5 is half that in Theorem 3 in logistic
models, since finax = 0.25. We also implement GLM-UCB
and UCB-GLM with tighter confidence intervals, 0.5||z||g-1,
where z is the feature vector of the arm, G is the sample
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Figure 1: Evaluation of GLM-TSL and GLM-FPL in logistic bandits. The n-round regret is shown as a function of n. The
solid and dotted lines represented theory-suggested and informal designs, respectively.

covariance matrix, and 0.5 is the maximum standard devi-
ation of rewards in logistic models. All algorithms pull d
linearly independent arms initially and fi,,;, is set to the
most optimistic value of 0.25.

Our results are shown in Figure 1. We observe that theory
GLM-TSL and GLM-FPL outperform theory GLM-UCB, but not
theory UCB-GLM. The latter is known from prior algorithm
designs. In particular, when LinTS [Agrawal and Goyal,
2013b] is implemented as analyzed, it fails to outperform
LinUCB [Abbasi-Yadkori et al., 2011]; but it does outper-
form it when the theory-suggested posterior scaling is re-
laxed. This is indeed how LinTS is usually implemented.
Informal GLM-UCB and UCB-GLM fail, and have linear regret
in n. On the other hand, informal GLM-TSL and GLM-FPL
have low regret, sublinear in n. We conclude that GLM-TSL
and GLM-FPL have state-of-the-art performance in logistic
bandits.

5.2 Deep Bandit

The second experiment is on contextual bandit problems,
which are generated as follows. We fix a supervised learn-
ing dataset D and a target label c. The examples with la-
bel ¢ have random rewards Ber(0.75) while the other ex-
amples have random rewards Ber(0.25). In round ¢, the
agent is presented X = 10 random examples x; ; from D,
which are arms. The agent learns a single generalization
model that maps feature vector z; ; to its expected reward.
The goal of the agent is to learn a good mapping quickly.
Since our generalization models are imperfect, our evalu-
ation metric is the average per-round reward in n rounds,
which we define as >_;" , Y, /n.

We experiment with two large-scale datasets: MNIST and
Fashion MNIST. MNIST [Lecun et al., 1998] is a dataset
of 60 thousand 28 x 28 gray-scale images of handwritten
digits, from 0 to 9. Fashion MNIST [Xiao et al., 2017] is
a dataset of 60 thousand 28 x 28 gray-scale images in 10
fashion categories. We generate 500 bandit instances for
each dataset, 50 for each class in that dataset. The horizon
is n = 10000 rounds and we report the average reward
over all instances in each dataset.

We implement GLM-FPL with the neural network general-
ization in Keras [Chollet et al., 2015]. The neural network
has a single fully-connected hidden layer with 50 units.
The output layer is a sigmoid. We experiment with both
ReLU and tanh activation functions in the hidden layer.
The output layer is a sigmoid. In each round, the model is
updated using the adaptive optimizer Adam [Kingma and
Ba, 2015], where the learning rate is 0.001 and the mini-
batch contains 32 most recent examples. These settings are
default in Keras. Yogi [Zaheer et al., 2018] could be used
instead of Adam. The rewards of the training examples are
perturbed with i.i.d. A'(0, a?) noise where a = 1. We call
this algorithm DeepFPL.

We consider two baselines. The first is a follow-the-leader
variant of DeepFPL where a = 0. We call it DeepFL. The
second is a variant of Neural Linear, the best method in a
recent large empirical study [Riquelme et al., 2018]. This
approach learns a representation separately of the bandit
problem and applies an existing bandit algorithm to it. We
learn the representation in m percent of initial rounds by
exploring randomly. The representation is the same neural
network as in DeepFPL. After learning, we chop its head
off and use the rest to embed feature vectors. The bandit
algorithm is GLM-FPL and we call this combined approach
repGLM-FPL. We experiment with m from 1% to 20%.

Our results are reported in Figure 2. We observe three ma-
jor trends. First, DeepFPL achieves high average rewards
of at least 0.5, which is close to the theoretical optimum
0.25 (1/K)% +0.75 (1 — (1/K)X) ~ 0.576 in both our
problems. Second, DeepFPL outperforms DeepFL. This
shows that exploration is beneficial, since the only differ-
ence between DeepFPL and DeepFL is that DeepFPL per-
turbs rewards to explore. Third, DeepFPL outperforms all
variants of repGLM-FPL. This shows that interleaving of
representation learning and exploration is beneficial. Also
note that the best setting of m in repGLM-FPL depends on
the problem. For instance, at n = 10000 rounds, 1% and
5% exploration is comparable in the first two plots, while
5% exploration is superior in the last plot. DeepFPL does
not need any such tunable parameter.
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Figure 2: Evaluation of DeepFPL on contextual bandit problems in Section 5.2.

This experiment shows that GLM-FPL generalizes easily to
complex models and works well. While it does not have
regret guarantees in these models, it should be of interest
to practitioners.

6 Related Work

In the infinite arm setting, Abeille and Lazaric [2017]
proved that the regret of GLM-TSL is O(d2 /). We prove
that it is O(dy/nlog KX) when the number of arms is K.
This is an improvement of 4/d/log K in our setting. We
also match the result of Abeille and Lazaric [2017] in the
infinite arm setting. Specifically, if the space of arms was
discretized on an e-grid, and this discretization would not
change the order of the regret, the number of arms would
be K = e ?and y/log K = /dlog(1/¢). Our analysis is
different from Abeille and Lazaric [2017] and is more like
that of Agrawal and Goyal [2013b]. We also match, up to
the factor of y/log K, the bounds of most non-randomized
GLM bandit algorithms [Filippi et al., 2010, Zhang et al.,
2016, Liet al., 2017, Jun et al., 2017], which are O(d\/ﬁ)

Dong et al. [2019] proved that the n-round Bayes regret of
GLM-TSL is O(dy/n). This bound is for a weaker perfor-
mance metric than in this work, the Bayes regret; applies
only to logistic bandits; and makes strong assumptions on
the features of arms and 6,.. However, it does not depend
on fimin, which is a significant advance.

Similarly to GLM-TSL, we prove that the regret of GLM-FPL
is é(d\/nlog K). This regret bound is under the assump-
tion that feature vectors have at most one non-zero entry.
Although limited, this result is non-trivial since the num-
ber of potentially optimal arms is 2d, two per dimension.
This is the first frequentist regret bound for exploration by
Gaussian noise perturbations in a non-linear model. The
good empirical performance of GLM-FPL (Section 5) sug-
gests that the regret bound should hold in general, and we
leave the more general analysis as future work.

GLM-TSL is a variant of Thompson sampling. Thompson
sampling [Thompson, 1933, Agrawal and Goyal, 2013a,
Russo et al., 2018] is relatively well understood in linear
bandits [Agrawal and Goyal, 2013b, Valko et al., 2014].

However, it is difficult to extend it to non-linear problems
because their posterior distributions are complex and have
to be approximated. In general, posterior approximations
in bandits are computationally costly and lack regret guar-
antees [Gopalan et al., 2014, Kawale et al., 2015, Lu and
Van Roy, 2017, Riquelme et al., 2018, Lipton et al., 2018,
Liu et al., 2018]. We provide guarantees in this work.

GLM-FPL is a follow-the-perturbed-leader algorithm [Han-
nan, 1957, Kalai and Vempala, 2005]. We can also view it
as randomized least-squares value iteration [Osband et al.,
2016] applied to bandits. Our instance, additive Gaussian
noise in a GLM, is novel. GLM-FPL is also closely related
to perturbed-history exploration [Kveton et al., 2019¢,a,b].
Kveton et al. [2019b] proposed a logistic bandit algorithm
that explores by perturbing its history with Bernoulli noise.
This algorithm was not analyzed and is less general than
GLM-FPL, as it is only for logistic bandits.

7 Conclusions

We study two randomized algorithms for GLM bandits,
GLM-TSL and GLM-FPL. The key idea in both algorithms is
to explore by perturbing the maximum likelihood estimate
in round ¢. We analyze GLM-TSL and GLM-FPL, and prove
that their n-round regret is O(dv/nlog K). Both GLM-TSL
and GLM-FPL perform well empirically in logistic bandits.
GLM-FPL can be easily generalized to more complex prob-
lems. Our experiments with neural networks are very en-
couraging, and indicate that GLM-FPL can be analyzed be-
yond GLM bandits. We plan to conduct such analyses in
future work.

Our analysis is under the assumption that the feature vec-
tors of arms are fixed and do not change over time. This
assumption can be lifted. The only part of the proof that
changes is that the number of initial exploration rounds 7
after which Apin (G-) (Theorems 3 and 5) is large enough
becomes a random variable. Li et al. [2017] analyzed this
random variable and we can directly reuse their result.
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A Regret Bounds

The following lemma bounds the expected per-round regret of any randomized algorithm that chooses the perturbed solu-
tion in round ¢, 64, as a function of the history.

Lemma 2. Let py > P (Eg’t), ps <P, (Es,), and ps > ps. Then on event E1 4,

2
Er[An] < fum(cr + c2) (1 i ) x
P3 — P2

E; |:||x1t||G:1j| + Amax P2 -
Proof. Let A; = 2] 0, — x] 6, and ¢ = ¢; + ¢y. Let
3, = {z € K] : cllzillgr > Ai}

be the set of undersampled arms in round ¢. Note that 1 € S; by definition. We define the set of sufficiently sampled arms
as Sy = [K]\ S;. Let J; = argmin ;. 5, Hxi||G:1 be the least uncertain undersampled arm in round ¢.

In all steps below, we assume that event £; ; occurs. In round ¢ on event Ey 4,
Ar, < fimax Ag, = A 10, —x]10,) </ A 10, —x 0 _ _
I; = Mmax 81, = Hmax J, T2 506 =21 0 ) < fhmax J, x50 — g, t"'c(Hxlt”th + ||thHGt 1)
< fmax ¢ (lon g + 2l )

where the first inequality holds because fiax 1 the maximum derivative of p, the second is by the definitions of events
E; ; and E5 ;, and the last follows from the definitions of I; and J;. Now we take the expectation of both sides and get

B/ [Ar] = B (AL 1{Eo Y] + By [AL1{E2.0}] < ftmax B [l2n,ll gt + 20201 | + Amax Pe (Bzyt) -

The last step is to replace E; [||a:j6 Hcgl} with E, [Hm]t ||G;1} . To do so, observe that

E; |:||xIt||G;1:| > E; |:||l‘[t||Gt—1 I; € St:| P, (It S St) > Hl‘JtHG:l P, (It S St) N

where the last inequality follows from the definition of .J; and that S; is F;_1-measurable. We rearrange the inequality as
lzs g < Et [||a:1t ||G;1} /Py (I € S;) and bound P; (I; € S;) from below next.

In particular, on event E 4,

P, (It S 5}) > P, (32’ €S, : xjét > r_naxijét> > P (xlTét > I_naxachét)
JES: JES:
T; T; T; T
> P, (:cl 0; > m%x T, O, By occurs) > P, (:Jc1 0r >z, 0., Eay occurs)
JESE

Z Pt (xlTét > J)I&k) — Pt (Eg,t) Z Pt (J?lTét — mngt > 01||.131||Gt—1> — Pt (Eg,t) .

Note that we require a sharp inequality because I; € S; is not guaranteed on event {3@' € S;:af 0; > maxjes, x;rét}.
The fourth inequality holds because on event £ ; N Ea 4,

:c;rét < x;-rﬂ* + c||:cj||G;1 < x;rﬁ* +A; =20,

holds for any j € S;. The last inequality holds because x| 6, < x] 0; + c1||z1| Gt holds on event E4 ;. Finally, we use
the definitions of p; and ps to complete the proof. O

The regret bound of GLM-TSL is proved below.



Randomized Exploration in Generalized Linear Bandits

Theorem 3. The n-round regret of GLM-TSL is bounded as

2
< -max 1 "1 1/
B(n) < fimax(er + e2) ( 0152 1/n> X
v/ 2dn log(2n/d) + (T + B)Amax )
where

a = C1y/ /:Lmax )

c1 = opgt v/dlog(n/d) + 2logn,

cy =cy \/Q[L;ﬂln fimax log(Kn) ,

and the number of exploration rounds T satisfies

Amin(Gr) > max {o?f1.2 (dlog(n/d) + 2logn), 1} .
Proof. Fix T € [n]. Let
By = {0 — 6.2 <1}

andpy > P (E47t) fort > 7. Letp > P (EM, E47t), po > P, (Egvt) on event Ey ;, and ps < P, (E3,). By elementary
algebra, we get

R(n) < Zn: E[AL] + TAmax

t=1

§ Z E [Alt]l{E4,t }] + (T + p4n)Amax

t=1

< ZE [ArL{Er ¢, Eq}] + (7 + (p1 + pa)n) Amax

t=7

= ZE [E¢ [Ar] T{E1+, Ear}] + (7 + (p1 + pa)n) Amax -

t=1

To get p1 < 1/n, we set ¢; as in Lemma 8. Now we apply Lemma 2 to E, [Af,] 1{E1 ;, E4,.} and get

. 2 <
R(n) < jmas(er + c2) (1 n ) E lz ol | + (7 + (01 + 2 + P A
t=71

P3 — P2

where a and ¢, are set as in Lemma 4. For these settings, p» < 1/n and p3 > 0.15. To bound > ;- _ ||z, HGt—l , We use
Lemma 2 in Li et al. [2017]. Finally, to get py < 1/n, we choose 7 as in Lemma 9. O

The regret bound of GLM-FPL is proved below.
Theorem 5. The n-round regret of GLM-FPL is bounded as

2
< fm: 015 —2/n
R(n) < fimax(c1 + c2) (1 o152 2/n) )

2dn 1og(2n/d) + (7' + 4)Amax )

where

a = Clﬂmax )
-1
c1 = ofigi v/dlog(n/d) + 2logn,

C2 = C1fimin fmax/210g (K1),
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and the number of exploration rounds T satisfies
Amin(G7) > max{4o?(1_? (dlog(n/d) + 2logn),
8a2ﬂ;ﬂ2n logn, 1}.

Proof. The proof is almost identical to that of Theorem 3. There are two main differences. First, a and co are set as in
Lemma 6. For these settings, po < 2/n and p3 > 0.15. Second, 7 is set as in Lemma 10. O

B Technical Lemmas

We need an extension of Theorem 1 in Abbasi-Yadkori et al. [2011], which is concerned with concentration of a certain
vector-valued martingale. The setup of the claim is as follows. Let (F;);>( be a filtration, (7;):>1 be a stochastic process
such that 7 is real-valued and F;-measurable, and (X;);>; be another stochastic process such that X; is R<-valued and
Fi—1-measurable. We also assume that ();); is conditionally R2-sub-Gaussian, that is

)\QRQ}

VAeR: Elexp[An]|Fi—1] < exp [ (10)

We call the triplet ((X;)¢, (7:)¢, F) “nice” when these conditions hold. The modified claim is stated and proved below.

Lemma 7. Let ((X¢)t, (nt):, F) be a “nice” triplet, S; = 22:1 s Xs, Vi = 22:1 X, X/ and for V.= 0, let g =
min{t > 1:V, = V}. Then for any 6 € (0,1) and F-stopping time 7 > 1 such that T > 1o holds almost surely, with
probability at least 1 — 6,

det(V,)z det(Vy,) "2
[E [ <2R2log< &) 5 (V) ) :

Proof. The proof in Abbasi-Yadkori et al. [2011] can easily adjusted as follows. If ((X¢):, (1¢)¢, F) is a “nice” triplet, then
for any ¢ € (0, 1), Fo-measurable matrix V' > 0, and stopping time 7 > 1,

det(V;)z det(V,, )2
IP<|STI2VT_1§2R210g< et(Vr) 56 (Vro) >|]-'0>215. (11)

Now, for t > 0, let X; = X, 44, 0} = Nrg+t> and Ff = Fryye- Then ((X})e>1, (01)e>1, (F})e>0) is a nice triplet and the
result follows from (11). O

We use the last lemma to prove the following result.

Lemma 8. Let ¢y = O’/J,;liln \/d log(n/d) + 2logn and T be any round such that Ayin(G.) > 1. Then for any t > T,

P (E1, oceurs, [0, — 6.2 < 1) < 1/n.

Proof. Let S, = Y471 (Ye — (X[ 6.))Xs. By Lemma 1, where Dy = {(X¢, u(X,/60.))},_) and Dy = {(X¢, Yo)}iZ1,
we have that

S, = V2L(Dy;0')(6, — 6.,),
1%

where 0" = ab, + (1 — a)f; for o € [0, 1]. We rearrange the equality as V1S, = 6; — 6, and note that /1,4, Gy < V on
|0: — O4]]2 < 1. Now fix arm ¢. By the Cauchy-Schwarz inequality and from the above discussion,

|2 00 — 2 0] <16 = Oulla, |zill g1 = (Br — 02) T Ge(8r — 0.) |1

= STVIGV Sl < il Sell g il

By (13) in Lemma 9, which is derived using Lemma 7, ||.S¢|| a1t < o+/dlog(n/d) + 2log n holds with probability at least
17— 1/n in any r9und t > 7. In this case, event E; ; is guaranteed to occur when ¢; is set as in the claim. It follows that
E; + occurs on || — 0. ||2 < 1 with probability of at most 1/n. O
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The number of initial exploration rounds in GLM-TSL is set below.

Lemma 9. Let 7 be any round such that
Amin(G7) > max {Uzﬂ;?n(dlog(n/d) +2logn), 1} .

Then forany t > 7, P (||0; — 0.]]2 > 1) < 1/n.

Proof. Fix round ¢ and let S; = ﬁ;} (Yy — (X, 0.)) X,. By the same argument as in the proof of Theorem 1 in Li et al.
[2017], who use Lemma A of Chen et al. [1999], we have that

”StHG;l < flmin Amin(Gt) = ”ét - 0*”2 <1
Now fix 7 such that Ay,in (G-) > 1. Forany ¢t > 7, G} »= G, and thus
”StHG;l < flmin /\min(GT) = ”ét - ‘9*”2 <1. 12)

In the next step, we bound ||.S || -+ from above. By Lemma 7,

15¢]12, -1 < 202 log(det(Gy)? det(G,)"2n)

-

holds jointly in all rounds ¢ > 7 with probability at least 1 — 1/n. By Lemma 11 in Abbasi-Yadkori et al. [2011] and from
| X¢]l2 < 1, we get log det(Gy) < dlog(n/d). By the choice of 7, det(G,)~* < 1. It follows that

I1Se13,1 < o*(dlog(n/d) +2logn) (13)

for any ¢ > 7 with probability at least 1 — 1/n. Now we combine this claim with (12) and have that ||§; — 6.]|> < 1 holds
with probability at least 1 — 1/n when

Amin(GT) > O'Ql)’r;?n(d log(n/d) + 2 IOg TL) .
This concludes the proof. O

The number of initial exploration rounds in GLM-FPL is set below.

Lemma 10. Let 7 be any round such that

Amin(Gr) > max {40%/1.2 (dlog(n/d) + 2logn), 8a®ji, 3 logn, 1} .
Then for any t > 7, P (||0; — 0.]]2 > 1/2) < 1/n and P, (||§t — 0|2 > 1) < 1/nonevent ||0; — 0.2 < 1/2.

Proof. Fix round t. Let S; be defined as in Lemma 9 and 7; be any round such that
Amin(Gr,) > min {402,u;1i2n(dlog(n/d) + 2logn), 1} .

Then by the same argument as in Lemma 9, P (||0; — 6.||> > 1/2) < 1/n holds for any ¢ > 7.
Now fix round ¢, history F;_1, and assume that ||0; — 6. ||z < 1/2 holds. Let

t—1

Se=> (Yot Zo— p(X, 00)X, = ZZZXL;,
(=1

where the last equality holds because Zz;i (Yo — (X, 0,)) Xy = 0. Since ||0; — 0.2 < 1/2, the 0.5-ball centered at 0,
is within the unit ball centered at ,. So, the minimum derivative of x4 in the 0.5-ball is not larger than that in the unit ball,
and we have by a similar argument to Lemma 9 that

_ 1 ~ _ 1
||StHG_1 < 2/14m1n )\min(Gt) = Het - 015”2 S = (14)

\V]
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By definition, 5}||G:1 = ||U|]z forU = G, 2 Zz;i ZyXy. Since Z; are i.i.d. random variables that are resampled in

each round, we have U ~ N(0, a?I,) given F;_1, and that ||U||y < ay/2logn holds with probability at least 1 — 1/n
given F;_1. Now we combine this claim with (14) and have that ||0; — 6;||2 < 1/2 holds with probability at least 1 — 1/n
for any round ¢ such that

)\min(Gt) > 8‘12[‘;11211 IOg n.

For any such round, when ||6; — 6,2 < 1/2 holds, P; (||§t — 0.2 < 1) > 1 — 1/n. This concludes our proof. O



