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Abstract

State-of-the-art efficient model-based Reinforcement Learning (RL) algorithms typ-
ically act by iteratively solving empirical models, i.e., by performing full-planning
on Markov Decision Processes (MDPs) built by the gathered experience. In this
paper, we focus on model-based RL in the finite-state finite-horizon undiscounted
MBDP setting and establish that exploring with greedy policies — act by I-step plan-
ning — can achieve tight minimax performance in terms of regret, O(v HSAT).
Thus, full-planning in model-based RL can be avoided altogether without any per-
formance degradation, and, by doing so, the computational complexity decreases
by a factor of S. The results are based on a novel analysis of real-time dynamic
programming, then extended to model-based RL. Specifically, we generalize ex-
isting algorithms that perform full-planning to act by 1-step planning. For these
generalizations, we prove regret bounds with the same rate as their full-planning
counterparts.

1 Introduction

Reinforcement learning (RL) [Sutton and Barto, [2018]] is a field of machine learning that tackles the
problem of learning how to act in an unknown dynamic environment. An agent interacts with the
environment, and receives feedback on its actions in the form of a state-dependent reward signal.
Using this experience, the agent’s goal is then to find a policy that maximizes the long-term reward.

There are two main approaches for learning such a policy: model-based and model-free. The model-
based approach estimates the system’s model and uses it to assess the long-term effects of actions via
full-planning (e.g.,Jaksch et al.|2010). Model-based RL algorithms usually enjoy good performance
guarantees in terms of the regret — the difference between the sum of rewards gained by playing
an optimal policy and the sum of rewards that the agent accumulates [Jaksch et al.,[2010, Bartlett
and Tewaril 2009]. Nevertheless, model-based algorithms suffer from high space and computation
complexity. The former is caused by the need for storing a model. The latter is due to the frequent
full-planning, which requires a full solution of the estimated model. Alternatively, model-free RL
algorithms directly estimate quantities that take into account the long-term effect of an action, thus,
avoiding model estimation and planning operations altogether [Jin et al.l 2018]]. These algorithms
usually enjoy better computational and space complexity, but seem to have worse performance
guarantees.

In many applications, the high computational complexity of model-based RL makes them infeasible.
Thus, practical model-based approaches alleviate this computational burden by using short-term
planning e.g., Dyna [Sutton, [1991], instead of full-planning. To the best of our knowledge, there are
no regret guarantees for such algorithms, even in the tabular setting. This raises the following question:
Can a model-based approach coupled with short-term planning enjoy the favorable performance of
model-based RL?
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] Algorithm [ Regret | Time Complexity [ Space Complexity |

UCRLaqaksch ot a1:72010] 0(\/H25'2AT) ONSAH) @(HS + NSA)
UCBVT {azar etal po17) O(VHSAT + VH?T) ONSAH) O(HS + NSA)
EULER. [zancttc and Brunskill 2010) O(VHSAT) ONSAH) O(HS + NSA)
UCRL2-GP O(VH?2S?AT) O(NAH) O(HS + NSA)
EULER-GP O(VHSAT) O(NAH) O(HS + NSA)
Q-v2 fineta|201s) O(VH3SAT O(AH) O(HSA)
Lower bounds Q (\/ HS AT) - -

Table 1: Comparison of our bounds with several state-of-the-art bounds for RL in tabular finite-
horizon MDPs. The time complexity of the algorithms is per episode; S and A are the sizes of the
state and action sets, respectively; H is the horizon of the MDP; T’ is the total number of samples that
the algorithm gathers; AV < S is the maximum number of non-zero transition probabilities across the
entire state-action pairs. The algorithms proposed in this paper are highlighted in gray.

In this work, we show that model-based algorithms that use 1-step planning can achieve the same
performance as algorithms that perform full-planning, thus, answering affirmatively to the above
question. To this end, we study Real-Time Dynamic-Programming (RTDP) [Barto et al., [1995]
that finds the optimal policy of a known model by acting greedily based on 1-step planning, and
establish new and sharper finite sample guarantees. We demonstrate how the new analysis of RTDP
can be incorporated into two model-based RL algorithms, and prove that the regret of the resulting
algorithms remains unchanged, while their computational complexity drastically decreases. As Table
shows, this reduces the computational complexity of model-based RL methods by a factor of .S.

The contributions of our paper are as follows: we first prove regret bounds for RTDP when the
model is known. To do so, we establish concentration results on Decreasing Bounded Processes,
which are of independent interest. We then show that the regret bound translates into a Uniform
Probably Approximately Correct (PAC) [Dann et al.l 2017 bound for RTDP that greatly improves
existing PAC results [Strehl et al., 2006]. Next, we move to the learning problem, where the model
is unknown. Based on the analysis developed for RTDP we adapt UCRL2 [Jaksch et al.,[2010] and
EULER [Zanette and Brunskill, 2019], both act by full-planning, to UCRL2 with Greedy Policies
(UCRL2-GP) and EULER with Greedy Policies (EULER-GP); model-based algorithms that act by
1-step planning. The adapted versions are shown to preserve the performance guarantees, while
improve in terms of computational complexity.

2 Notations and Definitions

We consider finite-horizon MDPs with time-independent dynamics [Bertsekas and Tsitsiklis, [1996].
A finite-horizon MDP is defined by the tuple M = (S, A, R, p, H), where S and A are the state and
action spaces with cardinalities .S and A, respectively. The immediate reward for taking an action a
at state s is a random variable R(s, a) € [0, 1] with expectation ER(s, a) = r(s, a). The transition
probability is p(s’ | s, a), the probability of transitioning to state s’ upon taking action a at state s.
Furthermore, N := max; o [{s" : p(s’ | s,a) > 0}| is the maximum number of non-zero transition
probabilities across the entire state-action pairs. If this number is unknown to the designer of the
algorithm in advanced, then we set N' = S. The initial state in each episode is arbitrarily chosen and
H € Nis the horizon, i.e., the number of time-steps in each episode. We define [N] := {1,..., N},
for all N € N, and throughout the paper use ¢t € [H] and k € [K] to denote time-step inside an
episode and the index of an episode, respectively.

A deterministic policy 7 : § x [H] — A is a mapping from states and time-step indices to actions.
We denote by a; := (s, t), the action taken at time ¢ at state s; according to a policy 7. The quality

2Similarly to previous work in the finite horizon setting, we state the regret in terms of the horizon H. The
regret in the infinite horizon setting is DS+ AT, where D is the diameter of the MDP.



of a policy 7 from state s at time ¢ is measured by its value function, which is defined as

H
V7(s):=E Zr(stf,ﬂ(st/,t’)) | s = s,
t'=t
where the expectation is over the environment’s randomness. An optimal policy maximizes this
value for all states s and time-steps ¢, and the corresponding optimal value is denoted by V,*(s) :=
max, V;"(s), for all t € [H]. The optimal value satisfies the optimal Bellman equation, i.e.,

Vi(s)=T" t’jH(s) = m(?x{r(s,a) +p(- | s,a)TVt’jrl}, (1)

We consider an agent that repeatedly interacts with an MDP in a sequence of episodes [K|. The perfor-
mance of the agent is measured by its regret, defined as Regret(K) := Zszl (Vir(st) — V™ (sh)).
Throughout this work, the policy 7, is computed by a 1-step planning operation with respect to the
value function estimated by the algorithm at the end of episode k& — 1, denoted by V*~1. We also
call such policy a greedy policy. Moreover, s¥ and af stand, respectively, for the state and the action
taken at the t'" time-step of the k*" episode.

Next, we define the filtration F, that includes all events (states, actions, and rewards) until the end
of the k'" episode, as well as the initial state of the episode k + 1. We denote by T = K H, the
total number of time-steps (samples). Moreover, we denote by ny(s, a), the number of times that
the agent has visited state-action pair (s, a), and by X, the empirical average of a random variable
X. Both quantities are based on experience gathered until the end of the k‘" episode and are F
measurable. We also define the probability to visit the state-action pair (s, a) at the k*" episode at
time-step ¢ by wy,(s,a) = Pr(sf = s,af = a | s, 7). We note that 7, is ;1 measurable, and
thus, w (s, a) = Pr(sf = s,af = a | Fi_1). Also denote wy(s,a) = 1L wu(s, a).

We use @(X ) to refer to a quantity that depends on X up to poly-log expression of a quantity at most
polynomial in S, A, T, K, H, and %. Similarly, < represents < up to numerical constants or poly-log

factors. We define || X ||2 , := +/E,X?2, where p is a probability distribution over the domain of X,
and use X VY := max{X,Y}. Lastly, P(S) is the set of probability distributions over the state

space S.

3 Real-Time Dynamic Programming

Algorithm 1 Real-Time Dynamic Programming

Initialize: Vs € S, Vt € [H], V(s) = H — (t — 1).
fork=1,2,...do
Initialize s¥
fort=1,...,H do
a? € argIHaXaT(sfa a) +p( | Sfaa)T‘zﬁ_ll
VE(sE) = r(sfoaf) +p(- | s af) TV
Act with af and observe s} ;.
end for
end for

RTDP [Barto et al., |1995] is a well-known algorithm that solves an MDP when a model of the
environment is given. Unlike, e.g., Value Iteration (VI) [Bertsekas and Tsitsiklis, |1996] that solves an
MDP by offline calculations, RTDP solves an MDP in a real-time manner. As mentioned in Barto
et al.|[1995]], RTDP can be interpreted as an asynchronous VI adjusted to a real-time algorithm.

Algorithm [T] contains the pseudocode of RTDP for finite-horizon MDPs. The value function is
initialized with an optimistic value, i.e., an upper bound of the optimal value. At each time-step ¢ and
episode k, the agent acts from the current state s greedily with respect to the current value at the

next time step, Vtﬁ_ll. It then updates the value of s¥ according to the optimal Bellman operator. We

denote by V/, the value function, and as we show in the following, it always upper bounds V' *. Note
that since the action at a fixed state is chosen according to V*=1 then 7 is Fj_1 measurable.



Since RTDP is an online algorithm, i.e., it updates its value estimates through interactions with the
environment, it is natural to measure its performance in terms of the regret. The rest of this section is
devoted to supplying expected and high-probability bounds on the regret of RTDP, which will also
lead to PAC bounds for this algorithm. In Section E], based on the observations from this section, we
will establish minimax regret bounds for 1-step greedy model-based RL.

We start by stating two basic properties of RTDP in the following lemma: the value is always
optimistic and decreases in k (see proof in Appendix [B). Although the first property is known [Barto
et al.| [1993], to the best of our knowledge, the second one has not been proven in previous work.

Lemma 1. For all s, t, and k, it holds that (i) V;*(s) < Vi¥(s) and (ii) VF(s) < V;F71(s).

"l:he following lemma, that we believe is new, relates the difference between the optimistic value
V~1(s) and the real value V™ (s¥) to the expected cumulative update of the value function at the
end of the k" episode (see proof in Appendix @)

Lemma 2 (Value Update for Exact Model). The expected cumulative value update of RTDP at the
Eth episode satisfies

H
VI (sh) = Vi (1) = Y EIVEH(sE) = VI (sE) | Fial.
t=1

The result relates the difference of the optimistic value V*~! and the value of the greedy policy
V7 to the expected update along the trajectory, created by following 7. Thus, for example, if the
optimistic value is overestimated, then the value update throughout this episode is expected to be
large.

3.1 Regret and PAC Analysis

Using LemmalI] we observe that the sequence of values is decreasing and bounded from below. Thus,
intuitively, the decrements of the values cannot be indefinitely large. Importantly, Lemma [2| states
that when the expected decrements of the values are small, then V™ (s%) is close to V*~1(s¥), and
thus, to V*, since VF=1(sF) > V*(sF) > V] (s¥).

Building on this reasoning, we are led to establish a general result on a decreasing process. This
result will allow us to formally justify the aforementioned reasoning and derive regret bounds for
RTDP. The proof utilizes self-normalized concentration bounds [de la Pena et al., |2007], applied on
martingales, and can be found in Appendix [A]

Definition 1 (Decreasing Bounded Process). We call a random process { Xy, Fi.})~, where
{Fk}p>o is afiltration and { X} } .~ is adapted to this filtration, a Decreasing Bounded Process, if
it satisfies the following properties:

1. {Xk}kzo decreases, i.e., X1 < X a.s. .
2. Xo=C > 0,andforallk, X; > 0a.s. .

Theorem 3 (Regret Bound of a Decreasing Bounded Process). Let { Xy, Fi.};~ o be a Decreasing
Bounded Process and Ry = ZkK:l Xk—1 — E[Xy | Fr—1] be its K-round regret. Then,

2
Pr{EIK >0: R > 0(1 + 2\/111(2/5)) } <6
Specifically, it holds that Pr{3K > 0: Rg > 9C1n(3/6)} <.

We are now ready to prove the central result of this section, the expected and high-probability regret
bounds on RTDP (see full proof in Appendix [B).

Theorem 4 (Regret Bounds for RTDP). The following regret bounds hold for RTDP:
1. E[Regret(K)] < SH>.
2. Forany 6 > 0, with probability 1 — &, for all K > 0, Regret(K) < 9SH?In(3SH/J).



Proof Sketch. We give a sketch of the proof of the second claim. Applying Lemmas[T]and then 2]

K K B
Regret(K) := Y Vi (s§) — Vi (sh) < Y VF 1 (sh) — v (sh)
k=1 k=1
K — —
<Y N EWVFN(sE) = ViF(sF) | Fial. )
k=1 t=1

‘We then establish (see Lemma that RHS of (@) is, in fact, a sum of SH Decreasing Bounded
Processes, i.e.,

H K
=3 D) VENs) — B[V (s) | Fral 3)

t=1 se$§ k=1

Since for any fixed s, t, {Vk } k>0 is a decreasing process by Lemma|l| we can use Theoreml
for a fixed s, ¢, and conclude the proof by applying the union bound on all 'SH terms in (3).

Theorem [ exhibits a regret bound that does not depend on 7' = K H. While it is expected that RTDP,
that has access to the exact model, would achieve better performance than an RL algorithm with no
such access, a regret bound independent of 7' is a noteworthy result. Indeed, it leads to the following
Uniform PAC (see Dann et al.|2017| for the definition) and (0, §) PAC guarantees for RTDP (see
proofs in Appendix ' To the best of our knowledge, both are the first PAC guarantees for RTDPE]
Corollary 5 (RTDP is Uniform PAC). Let § > 0 and N, be the number of episodes in which RTDP
outputs a policy with Vi (s¥) — V™ (s%) > e. Then,

2
9SH 1n(3SH/5)} s

€

Pr{EIe>O:N€Z

Corollary 6 (RTDP is (0,0) PAC). Let 6 > 0 and N be the number of episodes in which
RTDP outputs a non optimal policy. Define the (unknown) gap of the MDP, A(M) =
ming Ming.y= () 2ve(s) Vi (s) = Vi7(s) > 0. Then,

2
. { v 95H 1n(3SH/5)} s

AM)
4 Exploration in Model-based RL: Greedy Policy Achieves Minimax Regret

We start this section by formulating a general optimistic RL scheme that acts by 1-step planning (see
Algorithm[2). Then, we establish Lemma([7] which generalizes Lemmal[2|to the case where a non-exact
model is used for the value updates. Using this lemma, we offer a novel regret decomposition for
algorithms which follow Algorithm[2] Based on the decomposition, we analyze generalizations of
UCRL2 [Jaksch et al.,[2010]] (for finite horizon MDPs) and EULER [Zanette and Brunskill, 2019],
that use greedy policies instead of solving an MDP (full planning) at the beginning of each episode.
Surprisingly, we find that both generalized algorithms do not suffer from performance degradation, up
to numerical constants and logarithmic factors. Thus, we conclude that there exists an RL algorithm
that achieves the minimax regret bound, while acting according to greedy policies.

Consider the general RL scheme that explores by greedy policies as depicted in Algorithm 2] The
value V is initialized optimistically and the algorithm interacts with the unknown environment in
an episodic manner. At each time-step ¢, a greedy policy from the current state, s¥, is calculated
optimistically based on the empirical model (#x_1, pr—1, nr—1) and the current value at the next
time-step I_/t’fﬁl. This is done in a subroutine called ‘ModelBasedOptimisticQ’We further assume

the optimistic @-function has the form Q(sf,a) = Fy_1 (s, a) + pr_1(- | sF,a)TV;*7" and refer to

3Existing PAC results on RTDP analyze variations of RTDP in which e is an input parameter of the algorithm.

*We also allow the subroutine to use O(S) internal memory for auxiliary calculations, which does not change
the overall space complexity.



Algorithm 2 Model-based RL with Greedy Policies

1: Initialize: Vs € S, Vt € [H], VP(s) = H — (t — 1).
2: fork=1,2,...do
3:  Initialize s¥
fort=1,...,Hdo
Va, Q(s¥,a) = ModelBasedOptimisticQ (7_1, pr—1, nk—1, V5 7")
af € argmax, Q(sF, a)
VE(st) = min{ V71 (s}), Q(sf, af) }
Act with af and observe s} ;.
9: end for
10:  Update 7, px, ni with all experience gathered in episode.
11: end for

e A

(Tx—1, Pr—1) as the optimistic model. The agent interacts with the environment based on the greedy
policy with respect to () and uses the gathered experience to update the empirical model at the end of
the episode.

By construction of the update rule (see Line [7), the value is a decreasing function of k, for all
(s,t) € S x [H]. Thus, property (i) in Lemma|I[holds for Algorithm[2] Furthermore, the algorithms
analyzed in this section will also be optimistic with high probability, i.e., property (i) in Lemfnaﬂ]
also holds. Finally, since the value update uses the empirical quantities 751, pr—1, ng—1 and Vt]jr_ll
from the previous episode, policy 7y, is still Fj_; measurable.

The following lemma generalizes Lemma[2]to the case where, unlike in RTDP, the update rule does
not use the exact model (see proof in Appendix [C).

Lemma 7 (Value Update for Optimistic Model). The expected cumulative value update of Algorithm
in the k'" episode is bounded by

Vk 1(51) V™ ( 51 V;sk 1 St ‘Zﬁk(sf) ‘ ]:k—l}

\\Mm

H
+ ZE[(fkfl - T)(S?’a?) + (ﬁk*l - )( | Stvat )TVtI-CHl | ]:k?*l] .

t=1

In the rest of the section, we consider two instantiations of the subroutine ‘ModelBasedOptimisticQ’
in Algorithm 2 We use the bonus terms of UCRL2 and of EULER to acquire an optimistic (-
function, Q). These two options then lead to UCRL2 with Greedy Policies (UCRL2-GP) and EULER
with Greedy Policies (EULER-GP) algorithms.

4.1 UCRL2 with Greedy Policies for Finite-Horizon MDPs

Algorithm 3 UCRL2 with Greedy Policies (UCRL2-GP)

8SAT
21n =25

1: f}cfl(sf,a) = TAkfl(S?,a) + W

k , ’ . k 4S5 In 12S§AT
2: Cl(sga) = Y PP € P(S) : [P'() = P (- | st 0) | <\ = oravt
3 Pe-1(- | sf,a) = argmaxprecr(sh.a) P/ | s, 0)T VA

4: Q(va a) = - I(Sta a) + pr-1(: |St7 )Tvtlj-ll
5: Return Q(s}, a)

We form the optimistic local model based on the confidence set of UCRL2 [Jaksch et al.| |2010].
This amounts to use Algorithm[3]as the subroutine ‘ModelBasedOptimisticQ’ in Algorithm[2] The
maximization problem on Line[3|of Algorithm [3|is common, when using bonus based on an optimistic
model [Jaksch et al.l 2010], and it can be solved efficiently in O (J\/ ) operations (e.g., Strehl and
Littman|[2008; Section 3.1.5). A full version of the algorithm can be found in Appendix [D]



Thus, Algorithm [3| performs AV AH operations per episode. This saves the need to perform Extended
Value Iteration [Jaksch et al.,[2010]), that costs NS AH operations per episode (an extra factor of .S).
Despite the significant improvement in terms of computational complexity, the regret of UCRL2-GP
is similar to the one of UCRL2 [Jaksch et al.,2010] as the following theorem formalizes (see proof in
Appendix D).

Theorem 8 (Regret Bound of UCRL2-GP). For any time T' < K H, with probability at least 1 — 6,

the regret of UCRL2-GP is bounded by O (HS\/ AT + H? \/§SA).

Proof Sketch. Using the optimism of the value function (see Section[D.Z) and by applying Lemma[7]
we bound the regret as follows:

K K
Regret(K) = Y V" (sf) = V™ (s}) < > V() — V™ (s))
k=1 k=1
K H B
<Y ON EVETN(sE) = ViE(sE) | Frea]
k=1 t=1

K H
+ Y E[(Fk-1 = r)(sthaf) + (B = p)(- | sf,a) VI | Faed] . @

Thus, the regret is upper bounded by two terms. As in Theorem [ by applying Lemma [TT] (Ap-
pendix @), thNe first term in is a sum of S H Decreasing Bounded Processes, and can thus be
bounded by O (SH 2). The presence of the second term in @) is common in recent regret analyses
(e.g.,|Dann et al.|2017). Using standard techniques [Jaksch et al.,|2010, |Dann et al.,|2017, |Zanette
and Brunskilll 2019]], this term can be bounded (up to additive constant factors) with high probability

by S HVS UL L E ||/ ary | P | < O(HSVAT), O

Ng—-1(S¢

4.2 EULER with Greedy Policies

In this section, we use bonus terms as in EULER [Zanette and Brunskill, [2019]]. Similar to the
previous section, this amounts to replacing the subroutine ‘ModelBasedOptimisticQ’ in Algorithm [2]
with a subroutine based on the bonus terms from [Zanette and Brunskill, [2019]. AlgorithmE] in
Appendix [E] contains the pseudocode of the algorithm. The bonus terms in EULER are based on the
empirical Bernstein inequality and tracking both an upper bound V; and a lower-bound V, on V,*.
Using these, EULER achieves both minimax optimal and problem dependent regret bounds.

EULER |[Zanette and Brunskill, 2019]] performs O(N SAH ) computations per episode (same as the
VI algorithm), while EULER-GP requires only O(N AH). Despite this advantage in computational
complexity, EULER-GP exhibits similar minimax regret bounds to EULER (see proof in Appendix|[E),
much like the equivalent performance of UCRL2 and UCRL2-GP proved in Section .1}

Theorem 9 (Regret Bound of EULER-GP). Let G be an upper bound on the total reward
collected within an episode. Define Q* := max, q(VarR(s,a) + Vary wp(.|s,a)Vit1(s)) and
Heg = min{(@*, 92/H}. With probability 1 — ¢, for any time T < K H jointly on all episodes

k € [K], the regret of EULER-GP is bounded by @(«/HCHSAT +V/SSAH?*(VS + \/ﬁ)) Thus,
it is also bounded by @(\/ HSAT +V/SSAH*(VS + \/ﬁ))

Note that Theorem [9]exhibits similar problem-dependent regret-bounds as in Theorem 1 of [Zanette
and Brunskill, 2019]]. Thus, the same corollaries derived in [Zanette and Brunskill, 2019]] for EULER
can also be applied to EULER-GP.

5 Experiments

In this section, we present an empirical evaluation of both UCRL2 and EULER, and compare their
performance to the proposed variants, which use greedy policy updates, UCRL2-GP and EULER-GP,
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Figure 1: A comparison UCRL2 and EULER with their greedy counterpart. Results are averaged
over 5 random seeds and are shown alongside error bars (3=3std).

respectively. We evaluated the algorithms on two environments. (i) Chain environment [Osband
and Van Royl, [2017]]: In this MDP, there are N states, which are connected in a chain. The agent
starts at the left side of the chain and can move either to the left or try moving to the right, which
succeeds w.p. 1 — 1/N, and results with movement to the left otherwise. The agent goal is to reach
the right side of the chain and try moving to the right, which results with a reward r ~ N(1,1).
Moving backwards from the initials state also results with 7 ~ N (0, 1), and otherwise, the reward is
r = 0. Furthermore, the horizon is set to I = IV, so that the agent must always move to the right
to have a chance to receive a reward. (ii) 2D chain: A generalization of the chain environment, in
which the agent starts at the upper-left corner of a N x N grid and aims to reach the lower-right
corner and move towards this corner, in = 2N — 1 steps. Similarly to the chain environment, there
is a probability 1/H to move backwards (up or left), and the agent must always move toward the
corner to observe a reward r ~ A/(1, 1). Moving into the starting corner results with  ~ N(0, 1),
and otherwise = 0. This environment is more challenging for greedy updates, since there are many
possible trajectories that lead to reward.

The simulation results can be found in Figure [T} and clearly indicate that using greedy planning
leads to negligible degradation in the performance. Thus, the simulations verify our claim that
greedy policy updates greatly improve the efficiency of the algorithm while maintaining the same
performance.

6 Related Work

Real-Time Dynamic Programming: RTDP [Barto et al., [1995]] has been extensively used and has
many variants that exhibit superior empirical performance (e.g., [Bonet and Geffner, 2003, McMahan
et al., 2005} [Smith and Simmons, 2006]). For discounted MDPs, [Strehl et al.|[2006] proved (e, 0)-PAC

bounds of O (S A/e2(1 — 7)4), for a modified version of RTDP in which the value updates occur

only if the decrease in value is larger than (1 — 7). Le., their algorithm explicitly use e to mark
states with accurate value estimate. We prove that RTDP converges in a rate of O (S H?/ e) without
knowing e. Indeed, |Strehl et al.| [2006] posed whether the original RTDP is PAC as an open problem.
Furthermore, no regret bound for RTDP has been reported in the literature.

Regret bounds for RL: The most renowned algorithms with regret guarantees for undiscounted
infinite-horizon MDPs are UCRL2 [Jaksch et al., 2010|] and REGAL [Bartlett and Tewaril, 2009]],
which have been extended throughout the years (e.g., by |Fruit et al.[[2018| [Taleb1 and Maillard
2018)). Recently, there is an increasing interest in regret bounds for MDPs with finite horizon H and
stationary dynamics. In this scenario, UCRL2 enjoys a regret bound of order H S+ AT'. |Azar et al.
[2017]] proposed UCB VI, with improved regret bound of order v/ H S AT, which is also asymptotically
tight [Osband and Van Roy, 2016]]. [Dann et al.|[2018]] presented ORLC that achieves tight regret
bounds and (nearly) tight PAC guarantees for non-stationary MDPs. Finally, [Zanette and Brunskill
[2019] proposed EULER, an algorithm that enjoys tight minimax regret bounds and has additional



problem-dependent bounds that encapsulate the MDP’s complexity. All of these algorithms are
model-based and require full-planning. Model-free RL was analyzed by [Jin et al., 2018]]. There,
the authors exhibit regret bounds that are worse by a factor of H relatively to the lower-bound. To
the best of our knowledge, there are no model-based algorithms with regret guarantees that avoid
full-planning. It is worth noting that while all the above algorithms, and the ones in this work, rely on
the Optimism in the Face of Uncertainty principle [Lai and Robbins|, [1985]], Thompson Sampling
model-based RL algorithms exist [Osband et al.l 2013| |Gopalan and Mannor}, 2015} |/Agrawal and Jia,
2017, |Osband and Van Royl, 2017]. There, a model is sampled from a distribution over models, on
which full-planning takes place.

Greedy policies in model-based RL: By adjusting RTDP to the case where the model is unknown,
Strehl et al.| [2012] formulated model-based RL algorithms that act using a greedy policy. They

proved a O (S 2A/e(1 — 'y)G) sample complexity bound for discounted MDPs. To the best of our
knowledge, there are no regret bounds for model-based RL algorithms that act by greedy policies.

Practical model-based RL: Due to the high computational complexity of planning in model-based
RL, most of the practical algorithms are model-free (e.g., Mnih et al|2015). Algorithms that do use a
model usually only take advantage of local information. For example, Dyna [Sutton,|1991| Peng et al.|
2018] selects state-action pairs, either randomly or via prioritized sweeping [Moore and Atkesonl
1993| [Van Seijen and Sutton, [2013]], and updates them according to a local model. Other papers use
the local model to plan for a short horizon from the current state [Tamar et al., 2016, |[Hafner et al.|
2018]|. The performance of such algorithms depends heavily on the planning horizon, that in turn
dramatically increases the computational complexity.

7 Conclusions and Future Work

In this work, we established that tabular model-based RL algorithms can explore by 1-step planning
instead of full-planning, without suffering from performance degradation. Specifically, exploring
with model-based greedy policies can be minimax optimal in terms of regret. Differently put, the
variance caused by exploring with greedy policies is smaller than the variance caused by learning
a sufficiently good model. Indeed, the extra term which appears due to the greedy exploration is
O(SH 2) (e.g., the first term in @]}); a constant term, smaller than the existing constant terms of
UCRL2 and EULER.

This work raises and highlights some interesting research questions. The obvious ones are extensions
to average and discounted MDPs, as well as to Thompson sampling based RL algorithms. Although
these scenarios are harder or different in terms of analysis, we believe this work introduces the
relevant approach to tackle this question. Another interesting question is the applicability of the
results in large-scale problems, when tabular representation is infeasible and approximation must be
used. There, algorithms that act using lookahead policies, instead of 1-step planning, are expected
to yield better performance, as they are less sensitive to value approximation errors (e.g., Bertsekas
and Tsitsiklis|1996, Jiang et al.|2018| |[Efroni et al.|2018bla). Even then, full-planning, as opposed to
using a short-horizon planning, might be unnecessary. Lastly, establishing whether the model-based
approach is or is not provably better than the model-free approach, as the current state of the literature
suggests, is yet an important and unsolved open problem.
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A Proofs on Decreasing Bounded Processes

In this section, we state and prove useful results on Decreasing Bounded Processes (see Definition [T)).
These results will be in use in proofs of the central theorems of this work.

Theorem 3 (Regret Bound of a Decreasing Bounded Process). Let { X}, Fi.};~ o be a Decreasing
Bounded Process and Ry = Zszl Xk—1 — E[Xk | Fr—1] be its K-round regret. Then,

Pr{aK >0:Rg > 0(1 +2\/M)2} <.

Specifically, it holds that Pr{3K > 0: Rx > 9C1In(3/d)} <.

Proof. Without loss of generality, assume C' > 0, since otherwise the results are trivial. We start
by remarking that Ry is almost surely monotonically increasing, since X < Xj;_;. Define the
martingale difference process

& =Xk —EXi | Foo1] = X — X1 —E[Xp — X1 | Fromi]

and the martingale process Mg = Zszl k. Since X, > 0 almost surely, Rx can be bounded
by Rk = Mg + Xo — Xk < Xo + Mk. Also define the quadratic variations as (M) =

S e E[€ | Fioi] and [M] = 4, €2. Next, recall Theorem 2.7 of [de la Pefia et al., 2007]:
Theorem 10. Let A and B be two random variables, such that for all X € R, we have

E[e“‘—*zzﬂ <1, (5)
Then, Vz > 0,
A

Condition (5) holds for A = My and B% = (M) + [M] ., due to Theorem 9.21 of [de la Pefia
et al.,[2008]]. A can be easily bounded by |Ax| > R — Xo > Rx — C. To bound B%, we first
calculate & and E[&7 | Fj—1]:

& = (X — Xp1)” = 2(Xp, — Xpm1)E[Xk — Xpom1 | Fooa] + (B[Xp — Xim1 | Frei))’,
E[&} | Fi1] = E[(Xe = Xi1)” | Fioor| = (BIXe = X1 | Fa)®
Thus,
& +E[& | Fri]
= (X = Xe1)? + E[(Xx = Xp1)? | Fima] = 2(X = Xp-1)ELXp — Xpo1 | Foi]

(*) 9 9
< (X — Xp—1)" + ]E{(Xk — Xpo1)" -kal}

(%)
< (X — Xp—1)? 4 CE[Xj—1 — Xi | Fod] -
In (*) we used the fact that X, _1— X}, > 0 a.s., which allows us to conclude that the cross-term is non-

positive. In (**), we bounded 0 < X;_1 — X}, < C. We can also bound Z,f:l(Xk,l — Xk)2 < C?,
since each of the summands is a.s. non-negative, and thus,

K

% 2
Z(kal —X;)? < (Z X1 — Xk) = (Xx — Xp)> < C2
k=1 k=1
Combining all of the above bounds yields

K
By < Z((Xk — Xp_1)? 4 CE[Xj_1 — X | ]:kfl})
k=1

K
<C?*+CY E[Xp_1 — Xi | Feo1] = C® + CRk.
k=1

12



Finally, we can bound E [B% | by

K

ZEfk'i'E[fH]:kl = Z E[&5 | Fr-1]]

k=1 k=1

2

WL

E[B[ (X, — Xi1)” | Faca] — (BIXe — Xeo1 | Fer])’]

<2 E{E[(Xk—xk,l)ﬂfk,lﬂ QiXk—Xkl < 202.
k=1

=
Il
—

Combining everything we obtain
|A| > RK -C _ RK -C
VB2 +E[B?] ~ VC?+CRk +2C? /3C?+CRk

Or, substituting in @ we have

Pr{RKC>x}§Pr ¢>x <2 "
V3C? + CRgk B? + E[B?]

Next, notice that for C > 0, the function = —¥=C _ is monotonically increasing for an
Yy \/m y g y

y > 0:

302+ Cy — Cy—0C)
) VI Y T S Bciroy _ 2(3C7 +Cy) ~Cy+C2 _ TC* 4 Cy

= >0
3C%2+Cy 2(3C2 + Cy)*/? 2(3C2 + Cy)*/?

Moreover, for y = C(1 + x)?,

F(C(1+2)?) = Cl+z)3?-C Cz%+2Cx
V3C2+C?(1+2)2  VAC? + 202z + a2
Cx? +2Cx _ Ca?+2Cx

> = =z,
JIC? 1 40% 1 022 Cz+20  °

where the inequality holds since 2 > 0. Thus, if R > C(1 + z)?, then f(Rx) > x, and we can
bound the probability that R > C(1 + x)? by

RK—C 2
Pr{R > C(1 pr{i— K¢ ol aeett
H{ B e { 3C% + CRx x} ‘

and setting x = 2 ln > 0, we obtain

2
Pr RKZC<1+2\/1I1§) <9 .

We remark that since Ry is monotonically increasing a.s., this bound also implies that
5 2
Pr¢dN:1 < N <LK, RN>C<1+21/1n6> <.
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To obtain a uniform bound, that is, bound that holds for all K > 0, note that the random sequence
2
Zrg =11 < N<K:Ryx> C(l + 24/In %) } is monotonically increasing in K and bounded.

Thus, due to monotone convergence
5 2
Pr 3K>0:RK20<1+2,/1H> :]E{hm ZK}: lim E[Zx]
6 K—oo K—oo

2
= lim Pr 31§N§K:RNZC<1+2\/1112> < 4.
K—oo 1)

To conclude the proof, note that § < 1, and thus, In % > 1. Therefore, we can bound

2 2 2
[ 2 /3 3 3
— < — < — — —
C<1+2 ln5> _C'<1—|—2 1n5> _C(S 1116) QClnd,

which yields the second bound. O

Lemma 11. Let {X"};>1 be a Bounded Decreasing Process in [0, C] for any n € [N). The regret

of the sum of processes is defined as R(K) = Zﬁ;l 25:1 Xk=Y —E[XF | F_1]. Then, for any
0 > 0, we have

Pr{EIK >0:R(K)>9CN In 3(15\{} <.

Proof. We first remark that if X? < C, we can replace it to X = C, which only increases the regret,
so we assume w.l.o.g. that X2 = C. Define

K

Ra(K) =Y X}'(s) = E[X;(s) | Firl.
k=1

Define the event A, := {3K > 0: R, (K) > 9CN In 2 }. By applying Theorem with probabil-
ity -, it holds that for a fixed n € [N]

Pr{EIK >0: R, (K)> 901113(]5\[} =Pr{4,} < % @)

Finally, we obtain
3N al 3N
Pr{EIK >0: R(K) > 9NC’ln6} = Pr{EIK >0: ZRn(K) > 9NOln6}
N

(1) N 2) 3)
< Pr{ U An} < ZPr{An} < 6.

n=1 =1

n=1
(

Relation (1) holds since

N 3N N
{EIK>0 > Ru(K) >9N01n5} < | 4.

n=1 n=1

In (2) we use the union bound and (3) holds by (7). O
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B Proof of Real-Time Dynamic Programming Bounds

Lemma 1. For all s, t, and k, it holds that (i) V;* (s) < V{¥(s) and (ii) VF(s) < VF71(s).
Proof. Both claims are proven using induction.

(i) By the initialization, Vs, t, V;*(s) < V;%(s). Assume the claim holds for k — 1 episodes. Let
sk be the state the algorithm is at in the #** time-step of the k" episode. By the value update of
Algorithm ]

\_/tk(st)—max r(sF,a —I—Zps | sf,a)VELN(S)
> max 7(sf,a +Zp3 | st a)Via(s') = V*(s).

The second relation holds by the induction hypothesis and the monotonicity of the optimal Bellman
operator [Bertsekas and Tsitsiklis| [1996]]. The third relation holds by the recursion satisfied by the
optimal value function (see Section [2). Thus, the induction step is proven for the first claim.

(ij) To prove the base case of the second claim we use the optimistic initialization. Let s} be the
state the algorithm is at in the ¢*" time-step of the first episode. By the update rule,

‘Zﬁl(stl) maxrst, +Zp5 ‘Stv f+1( )

@max r(s;,a)+ H —t

@
<1+ H-—t=H—(t—1)2vosh.

Relation (1) holds by the initialization of the values, (2) holds since r(s,a) € [0, 1] and (3) is by the
initialization. States that were not visited on the first episode were not update, and thus the inequality
trivially holds.

Assume the second claim holds for k — 1 episodes. Let s} be the state that the algorithm is at in the
t*" time-step of the k*" episode. By the value update of Algorithm |1, we have

Vk(st) = max T(Sta +ZP s |5ta )thill( ).

If s¥ was previously updated, let k be the previous episode in which the update occured. By the

induction hypothesis, we have that Vs, ¢, V;*(s) > V;*~!(s). Using the monotonicity of the Bellman
operator [Bertsekas and Tsitsiklisl [1996], we may write

maxrst, +Zps\st7 Vt’ill(s)
<maxrst, —i—Zps ) tiH (s) = VF=1(sh).

Thus, VF(sF) < V*~1(sk) and the induction step is proved. If s¥ was not previously updated, then

f/tk_l(st) V2 (sk). In this case, the induction hypothesis implies that Vs’ V/ill( ) < VEL(S)
and the result can be proven similarly to the base case. O
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Lemma 2 (Value Update for Exact Model). The expected cumulative value update of RTDP at the
k" episode satisfies

H
VETH(sT) = V() = DBV (s8) = VI Gs1) | Fen]

t=1

Proof. By the definition of a¥ and the update rule, the following holds:

E[Vtk(sf) | ]:k—l] = E[T(Stvat) +p(- | staat)T‘/tl—cs-ll | ]:k—l]

=E[r(sf,af) | Feo1] +E D p(Seg | 56, m) Vi (e41) | Froa

St41

Furthermore,

E|Y (S | st m) VAT (i) | Fra

St41
=N "Pr(sy | stom) Y p(Ger | sEme) Vi (Biga)
sk 5t4+1E€S
k k k=1, k k=1 k
- Z Pr(siyy | st,m) VAR (sth) = E[VAL (sth) | Fra]. ®)
sf+1€$

The first relation holds by definition and the second one holds by the Markovian property of the
dynamics. Substituting back and summing both side from¢ = 1,..., H, we obtain

=FE r(sf,af) | Fi1| +E

M=

H
ZV St |fk} 1

H
k=1
ZVtH 5t+1 | Fr—1
H
2V | Fies
H

D VETHsE) | Fie

t=1

t

1

=E r(sy,a;) | Fre1| +E —VF(sh

M=

t=1

= V™ (s7) + E = V(s

The second line hold by shifting the index of the sum and using the fact that Vs, V5, (s) = 0. The
third line holds by the definition of the value function,

ZE 5t7at | Fro—1] ertvat | s1=s)] = Vfrk(sl)

t=1

Reorganizing the equation yields the desired result. O
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Theorem 4 (Regret Bounds for RTDP). The following regret bounds hold for RTDP:
E[Regret(K)] < SH2.
2. Forany 6 > 0, with probability 1 — &, for all K > 0, Regret(K) < 9SH?In(3SH/J).

Proof. The following bounds on the regret hold.

K K
Regret(K) := Z V() —VmE(sh) < ZVlk Lsky — Ve (sh)

=
Il
—

K H
<STOSTEWF ) - VESE) | Ficd: )

1

£
Il
—
~~
Il

The second relation is by the optimism of the value function (Lemmal I, and the third relation is by
Lemmal2l

To prove the bound on the expected regret, we take expectation on both sides of (9). Thus,

K
E[Regret(K)] < ) E[ ZV;’“st — VE(sF) | Freal] = ZZVt‘“st — VE(sh)].
k=1

k=1t=1

Where the second relation holds by the tower property and linearity of expectation. Finally, for any
run of RTDP, we have that

K H
SN VENsE) = Vi (sE) ZZVt <ZZ% “(s) < SH2.

k=1 t=1 s t=1 s t=1

The first relation holds since per s, the sum is telescopic, thus, only the first and last term exist in the
sum. Due to the update rule, on the first time a state appears, its value will be VO( ). From the last
time it appears, its value will not be updated and thus the last value of a state is VK (s). The second
relation holds by Lemma The third relation holds since Vs, t, V,2(s) — V;*(s) € [0, H], summing
on S H such terms yields the result.

To prove the high-probability bound we apply Lemma [34]by which,

H K
@=>> > Vi)~ EVi(s) | Faoal.

t=1 s k=1

For a fixed s, ¢, {V/(s)}, . is a Decreasing Bounded Process by Lemma , and its initial value

is less than H. Thus, () is a sum of SH Decreasing Bounded Processes. We apply Lemma [TT]
which provides a high-probability bound on a sum of Decreasing Bounded Processes to conclude the
proof. O
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Corollary 5 (RTDP is Uniform PAC). Let § > 0 and N, be the number of episodes in which RTDP
outputs a policy with Vi*(s¥) — V™ (s¥) > e. Then,

2
9SH 1n(3SH/5)} s

€

Pr{EIe>O:N€2

Proof. Let K, be an episode index such that there are N, previous episodes k¥ < K in which
RTDP outputs a policy with V;*(s¥) — V™ (s¥) > . The following relation holds,

Ve > 0 : kkvbvuvdh firinhblbkudchurbknbulr Nee < Regret(K . ).
Thus,

{36 >0: N.e>9SH? 1n3S5H} C {Regret(KNE) > 9SH?In ?’S(SH}

C {HK > 0 : Regret(K) > 9SH? 1n356H}.

Which results in
H H
Pr{ae >0: Ne>9SH? 1n35(;} < Pr{aK > 0 : Regret(K) > 9SH? 1n3i} <3.

where the third relation holds by Theorem 4] O

Corollary 6 (RTDP is (0,) PAC). Let § > 0 and N be the number of episodes in which
RTDP outputs a non optimal policy. Define the (unknown) gap of the MDP, A(M) =
ming ming.ys () £v(s) Vi'(s) — Vi (s) > 0. Then,

9SH? In(3SH/6)
A(M) } =0

Pr{N >

Proof. We have that N = N4 since A(M) is the minimal gap; in all rest of episodes in which
the gap is smaller than A (M), the policy 7, is necessarily the optimal one. Based on Corollarywe

conclude that,
P N>9SH21n% oy >9SH21n¥ <5
N7 amy (7 A E T AMmy (=
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C Proofs of Sectiond|

Lemma 7 (Value Update for Optimistic Model). The expected cumulative value update of Algorithm
in the k" episode is bounded by

H
VETH(sE) — V™ (sh) <Z E[VF ' (sf) — VF(sE) | Freer]

+ ZE[(fk—l —7)(sF,af) + (Pr—1 —p) (- | sty af)TVEL | Froa]

t=1

We prove a more general, Lemma|[I2} of which Lemma([7is a direct corollay (by setting ¢ = 1).

Lemma 12. The expected value update of Algorithm@ in the k'" episode at the state t*" is bounded

by
H
VA (sE) = Vi (sE) < Y B[V (sE) = V() | Freas st
t'=t
H —
+ ZE[(fk—l —7)(s,ab) + Be-1 — ) (- | sk, af) VI | Fuoa,st]
t'=t

Proof. We closely follow the proof of Lemma |2} By the definition of a¥ and the update rule, for
t’ > t, the following holds.

]E[Vt]f(sf) ‘ ]:k—lvsf]

1) ) 5 _ k1,

< E|Fro1(sp,af) + Z Pe-1(S41 | st an )V (Svg) | Fror,sf
§t/+1€5

(2 _ N
=S E[r(sp,af) | Fiorsst] + B Y p(Su | st af ) Vi (Sua1) | Fiorssf

Silq1 €S

+E|(Fror =) (shoaf) + D (Bre1 = p)Brar | sfoaf)Vir! (Seg) | Faors st

S/ €S

= E[T(S?/,&f/) | ‘Fk—lwst] [‘/t]/c—i-ll(sf’-&-l) | ‘Fk—l?sf]

+E|(Fror =) (shoaf) + D (Br-1 = p)Bear | sboaf )Vip] (Sega) | Faa, st
§t/+1€s

Relation (1) holds by the update rule for V;*. Next, (2) holds by adding an subtracting the real
reward and dynamics and using linearity of expectation. In (3), we used the same reasoning as in

Equation (B).
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Summing both side from ¢’ = ¢, ..., H, we obtain:

H
£ >t i
t=t
H H
<E|Yr(shoab) | Fir,sf| +E Zm’f;%<si%+1>|fk_1,si“]
t'=t t'=t
H
+ ZE (Fr—1 —7)(sp, ap) + Z (Pr—1 — D) (B2 | st af)VET (Be41) | Fror, st
t'=t §H+1€S
o) o
k Sk—1/ k k
= Vi () + B Z V;s’+11(5t/+1) | fklvst]
t'=t
H
+ ZE (Fr—1 —7) (55, af)) + Z (Pre—1 — P)(Sers1 | st af )WV (Svga) | Fror, st
t'=t §t/+1€S
@ -
- r—
= V() B Y VT i) | Faerosi | = VETH(s))
t'=t

H
+ Y E|(Fro1r—r)(sfyaf) + > (Be-1—p)(Sear | shaf) Vi (5eg) | Fror, sf

t'=t 54/ 41€S
In (1) we used the fact that V;™ (sF) = E[S°1_, r(sk, m.(s5)) | Fu_1, s¥]. Relation (2) holds by

shifting the index of the sum and using Vs, k, V}}ﬂ (s) = 0. Reorganizing the equation yields the
desired result. O
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D Proof of Theorem

Algorithm 4 UCRL2 with Greedy Policies

I: Initialize: 6,0’ = 2Vs € S,t € [H], V2(s) = H — (t — 1).
2: fork=1,2,..do

3:  Initialize s}
4. fort=1,..,Hdo
5.

6

7

#Update Upper Bound on V*

for a € Ado
- " 21n w
ro1(sfya) = Froa (s 0) +1 | o e
k 7 ’ A k 451n 3551?1“
8: Cl(si,a) = § PP € P(S) : [ P'() = Pe—1(: | s¢,a)lly < 1R AVl
~ . Trle—
9: 2771@71(' | Sf,a) = argmaXprecy(sk a) P(- Lsf7a)T‘/;+11
10: Q(st.a) = Fr_a(st,a) + s (- | sf, )TV
11: end for -
12: a¥ € argmax, Q(sF,a)
13 VF(sf) = min{ V"7 (s§), Q(s¥, af) }
14: #Act by the Greedy Policy
15: Apply af and observe s}, ;.
16:  end for
17:  Update 7, px, ng with all experience gathered in the episode.
18: end for

We provide the full proof of Theorem [§]which establishes a regret bound for UCRL2 with Greedy
Policies (UCRL2-GP) in finite horizon MDPs. In the following, we present the structure of this
section.

We define the failure events for UCRL2-GP in Section[D.Il Most of the events are standard low-
probability failure events, derived using, e.g., Hoeffding’s inequality. We add to the standard set of
events a failure event which holds when a sum of Decreasing Bounded Processes is large in its value.
Using uniform bounds, the failure events are shown to hold jointly. When all failure events do not
occur for all time-steps we say the algorithm is outside the failure event. In Section[D.2] we establish
that UCRL2-GP is optimistic, and, more specifically, that for all s,t, k V/F(s) > V,*(s), outside the
failure event. Lastly, in Section [D.3] we give the full proof of Theorem [§] based on a new regret
decomposition using on Lemma(7] the new results on Decreasing Bounded Processes (see Appendix
E]), and existing techniques (e.g., [Dann et al.} 2017, Zanette and Brunskill, 2019]).

D.1 Failure Events for UCRL2 with Greedy Policies

Define the following failure events.

21n 2SAT

Fl ={3s,a: — Tk >\ v
k s a ‘T(S’a) Tk 1(S7a)‘ - nkfl(sva) vl

3SAT
45 In =25

ng—1(s,a) V1

Ff=<3s,a: [|p(-]s,a) = pr—1(-| s,a)|1 >

SAH
5

1
FYN = Hs,a:nk,l(s,a)§§§wj(s,a)—Hln
por

DBP L rk—1 7k 2 3SH
F =<3k>0:) D> VI s) —E[VF(s) | Fre1] = 9SH? In 5

k=1t=1 s

Furthermore, the following relations hold.
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o Let F" = Uszl F}. Then Pr{F"} < ¢, by Hoeffding’s inequality, and using a union
bound argument on all s, a, possible values of n (s, a) and k. Furthermore, for n(s,a) =0
the bound holds trivially since R € [0, 1].

e Let FP = Ji_, FP. Then Pr{F?} < &, holds by [Weissman et al.,[2003] while applying
union bound on all s, a,nk—1(s,a) and possible values of k (e.g., Azar et al.[2017, [Zanette
and Brunskill|2019). Furthermore, for n(s,a) = 0 the bound holds trivially.

o Let FNV = UkK:1 EN. Then, Pr{F"} < §'. The proof is given in [Dann et al., 2017]
Corollary E.4 (and is used in [Zanette and Brunskill|2019| Appendix D.4).

e By construction of Algorlthml Vs, t, V;¥(s) is a decreasing function of k, with V,2(s) = H.
Furthermore, since 7,_1 (s, a) and py_ 1( | s a) are non-negative, and Vo( ) > 0, a simple
induction allows us to conclude that Vs, ¢, V/¥(s) > 0. Thus, by applying Lemma
PI‘{FDBP} < 5.

Lemma 13. Setting ' = 2 then Pr{F" |y F? |y FN |JFPBP} < 5. When the failure events does
not hold we say the algorithm is outside the failure event.

D.2 UCRL2 with Greedy Policies is Optimistic
Lemma 14. Outside the failure event UCRL2-GP is Optimistic,
Vs, t, k VE(s) > Vi (s).

Proof. We prove by induction. The base case holds by the initialization of the algorithm, V,?(s) =
H — (t—1) > V;*(s). Assume the induction hypothesis holds for k — 1 episodes. At the k*" episode,
states there were not visited at step ¢ will not be updated, and thus by the induction hypothesis, the
result hold for these states. For states that were visited if the minimum at the update stage equals
to I_/tkfl( ), then the result similarly holds. Let s be a state that was updated according to the
optimistic model, and let

a* eargmaxr;€ 1(sf,a) + pr—1(- | st )Ufﬂl

a* € argmaxr(sf,a) +p(- | s} a) Vi,

Then,

VE(sE) = max 7 1(sf,a) + pr—1(- | s7,a) VL
(1) . T k—
= fpoi(sF,a) + pro1 (- | sEat)VEL

(2)
> Tk 1(St7 )+ Pr—1(: |Stﬂ )Vt+1

@® _
> r(sf,a) +p(- | sf,a") Vi

@
> r(sf,a) +p(- | 57,0 )V

®) Vi (sh )

Relations (1) and (2) are by the definition and optimality of a*, respectively. (3) holds since outside
failure event F}, 7,1 (s¥, a*) > r(s¥, a*). Furthermore, outside failure event F, 7 the real transition
probabilities p(- | s,a*) € CI(s¥,a*), and thus

k k—1 ~ k k
peax | P(] st etV = pr-1(- | st,a")VET 2 pea (- | s, 0" VAT
t

Finally, (4) holds by the induction hypothesis Vs, a,t, V,*~!(s) > V;*(s) and (5) holds by the
Bellman recursion. O
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D.3 Proof of Theorem|§|

Theorem 8 (Regret Bound of UCRL2-GP). For any time T' < K H, with probability at least 1 — 6,
the regret of UCRL2-GP is bounded by O (HS\/ AT + H? \FSSA).

Proof. By the optimism of the value (Lemma|[I4)), we have that

K K
ZV1*(51 = V™ (s1) < Z = V™ (s 1)
k=1

K H
+ Y E[(Fa-1 = r)(sfhaf) + (B = p)(- | sf,af) TV [ Froa] - (10)

(B)

The first relation is by the optimism of the value, and the second relation is by Lemma[7] We now
bound the two terms outside the failure event.

Bounding (A). By Lemma [34] (Appendix [F),

A) =330 VI Hs) —EIVE(s) | Fadl.

k=1t=1 s

3SH (see event F'PBP). Thus,

(A) < O(SH?).

Bounding (B). Outside failure event F} the following inequality holds:

K H
E [(fr—1 — ) (sF, m(sF) | Fr 1
k=1 t=1
K
1 ~
. . Fio1| SO(SAT + SAH), "’
N;; l\/”k 1(st e (sF)) v [ Fer) SO ) (11)

where the second inequality is by Lemma[38] It is worth noting that Lemma[38]is proven by defining
Ly, the set of *good’ state-action pairs, that contains pairs that were visited sufficiently often in the
past [Dann et al., 2017, Zanette and Brunskill, 2019]]. The term we bound is then analyzed separately
for state-action pairs inside and outside L. The definition of Lj, can be found in Definition |2} and its
properties (including Lemma) are analyzed in Appendix [F1]
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Furthermore, outside the failure event,

K H B
SO E[Br-1 —p)( | st a)TVET | Faa]

K H )
=3 > E[(Br-1 — pr-1)(- | sf,af) VAL | Faa]
+E [(pr—1 —p)(- | sy, af) ViR | Fi—1]

K
<D B[k = -0 | st a) I IVET oo | Fra]

k=1 t=1
+E [ (r—1 = p)(- | 57, )V oo | Froa]
2 L k _k k _k
< HY Y E[I(Br-1—p)(- | sF,af)ll + 11(e-1 — De-1)(- | s, af)llx | Fia]
k=1 t=1
Y HVES S B LA
~ == ng—1(sk,af)v1 ot
4)
< O(HSVAT + H*V/SSA). (12)

Relation (1) holds by Holder’s inequality. Next, (2) holds since Vs, ¢, k, 0 < V,*(s) < H. The lower
bounds holds by Lemma|[I4]and since V;* > 0. The upper bound is since the value can only decrease
by Algorithm [2|and the inequality holds for the initialized value. Finally, (3) holds outside failure
event F* (Lemma|I3), and (4) holds by Lemma[38]

Combining (TT), (12) we conclude that,
(B) < O(HSVAT + H*\/SSA)

Combining the bounds on (A) and (B) in (T0) concludes the proof. O]
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E Proof of Theorem

Algorithm 5 EULER with Greedy Policies
1: Initialize: 6,6’ = 3,Vs € S,t € [H], V2(s) = H — (t — 1), Vi(s) =0,

. QVAri) _ (s,a)( 1+1 )ln 4SAT 2H In 454T A4S AT
2: ¢(S a) = = nk—1(s,a) 3nk,1(:u) 7L =2y/In 6!
4S5 AT
3. J = 2H1n‘3 57 ,Bv =./2In 4S§z/4T7Bp = H./21n 45:{;4T
4: fork=1,2,..do
5. Initialize s¥
6: fort=1,..,Hdo
7: #Update Upper Bound on V'*
8: fora € Ado
. k o 2Var(R(sk,a)) In 54T 14 1n 4547
9: b};(st,a) = \/ nk_1(sF,a)V1 2 B 1(85 W1

. p’U o N k 7k—1 4J+B BvHVf}:Jl Zk+11‘|2,13
10: b (Stv ) = ¢(pk71(' | st a) V;Jrl ) + 47%,1(3?,5)7\/1 -+ \/nk71 = ta)v1
11: Q(va a) = Tk— 1(815 ) ) + by, (St ) ) +ﬁk—1(' | vaa)Tthjr_ll + biv(sf’ Cl)
12: end for -

13: a¥ € argmax, Q(s¥,a)
14: Vi (sy) = mln{Vk Y(sh), Q(Swat )}
15: #Update Lower Bound on V*

. pv k A k K 4J+B By Vi =Vl 2
16: by (st af) = ¢(pr—1(- | s, af), Vt+1 )+ nno1(sF, i)\/l + \/ntk ORI
17: Q(Sf7af) = fkfl(shaf) - b2(8t7at) +ﬁk*1(' | Stv )TV]]‘C+11 bpv(swaf)
18 Vi(sh) = max{VE~(s5), Q(sk, ab) |
19: # Act by the Greedy Policy
20: Apply af and observe ¥ ;.

21:  end for
22:  Update 7, pi, ng with all experience gathered in episode.
23: end for

Remark 1. Note that the algorithm does not explicitly define 7,1 (s, a) and px—1(- | s, a). While we
can directly set 7,1 (s, a) = Fi_1(s,a) + b} (sF, a), the optimistic transition kernel is only implicitly
defined as

Pr-a( | 5,0) " VET = peoa( 1 s,0)T VIR + 077 (s, 0)

Nevertheless, throughout the proofs we are only interested in the above quantity, and thus, except for
some abuse of notation, all of the proofs hold. We use this notation since it is common in previous
works (e.g.,|Zanette and Brunskill| 2019\ |Dann et al.|2017) and for brevity.

In this section, we provide the full proof of Theorem [9] which establishes a regret bound for EULER
with Greedy Policies (EULER-GP). In [Zanette and Brunskill [2019]] the authors prove their results
using a general confidence interval, which they refer as admissible confidence interval. In Section[E.T]
we state there definition and state some useful properties. In Section we define the set of
failure events and show that with high-probability the failure events do not occur. The set of failure
events includes high-probability events derived using empirical Bernstein inequalities [Maurer and
Pontil, 2009]], as well as high probability events on Decreasing Bounded Process, as we establish
in Appendix [A] In Section[E3]we analyze the optimism EULER-GP and prove it satisfies the same
optimism and pessimism as in|Zanette and Brunskill [2019]], outside the failure event for all s, ¢, k

Vi(s) < V(s) < Vi(s).
In Section [E.4] using the above, we give the full proof of Theorem[9] As for the proof of UCRL2-GP,
we apply the new suggested regret decomposition, based on Lemma([7} and use the new results on

Decreasing Bounded Processes. In section [E.5| we modify some results of [Zanette and Brunskill,
2019] to our setting, and utilize the new results to bound each term in the regret decomposition in

section
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E.1 Properties of Confidence Intervals

In this section, we cite the important properties of the confidence intervals of EULER, as was stated
in [Zanette and Brunskill, 2019]]. We start from their definition of an admissible confidence interval:

Definition 1. A confidence interval ¢ is called admissible for EULER if the following properties
hold:

1. ¢(p,V) takes the following functional form:

_ 9V) i(p,V)
V) = nk—1(s,a) V1 * ng-1(s,a) V1’

for some functions j(p,V) < J € R, and
l9(p, V1) — g(p, V2)| < By[[V1 — Vall,,
If the value function is uniform then:

g(p,al) =0, VYaeR.

2. With probability at least 1 — 0’ it holds that:

~ Ty« *

|(Dr—1(- ['s,0) = p(- [ 5,0))" Vi < o(p(- | 5,0), Vi)

Jjointly for all timesteps t, episodes k, states s and actions a.

3. With probability at least 1 — &' it holds that:
~ * * BP
9Br-1(- | 5,0), V1) = g(p(- | 8,0), V)| € e
ng—1(s,a) V1

Jointly for all episodes k, timesteps t, states s, actions a and some constant By, that does not

depend on \/ni_1(s,a) V 1.

An admissible confidence interval enjoys many properties, which are summarized in the following
lemma:

Lemma 15. If ¢ is admissible for EULER, and under the events that properties 23] of Definition
hold, then:

1. ForanyV € R® with ||V |~ < H, it holds that |g(p, V)| < B, H.
2. ForanyV € RS,

BullV = Viiill2sp By +4J

|¢(ﬁk—1(' | s,a), V) - ¢(p( ‘ S,CL), t:—l)| < nk_l(s,a) V1 nk,l(s,a) vl

3. Let b be the transition bonus, which is defined as

Bp-|-4J BU|H/2—V1 2.5
ng-1(s,a) V1 ng—1(s,a) V1

biv(pk—l(' | Saa)7‘/17‘/2) = dj(pk‘—l(' | Saa)7‘/1) +

Forany V1,V5 € RS such that Vi < V* <V, pointwise, it holds that

bz];v(ﬁkfl(' | Saa)a‘/h‘/?) 2 ¢(p( | Sva)aV*)
bzv(ﬁk—l(' | Saa)v‘/Qavl) > ¢(p( | S,Q),V*)

Proof. The first property is due to Corollary 1.3 of [Zanette and Brunskill, 2019], and the second one
is Lemma 4 of their paper. The third property is equivalent to Proposition 3 in [Zanette and Brunskilll
2019]], but since we allow general value functions V7, V5, we write the full proof for completeness.
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we start by proving that if V7 < V* < V5, then for any transition probability vector p,

Ve =V z2p < Vo = Vill2p
Vi = V72 < [[Vo = Vill2p (13)

To this end, notice that Vs
0 < Va(s) = V7¥(s) < Va(s) = Vi(s) ,
and since all of the quantities are non-negative, it also holds that

0< (Va(s) = V()" < (Va(s) = Vi(s))” .

The inequality holds pointwise, and therefore holds for any linear combination with non-negative
constants:

0< > p(s)(Vals) = V()" < Y pls)(Vals) = Va(s))” .

Taking the root of this inequality yields Inequality @) Substituting in the definition of
W (Pr—1(-| s,a), Va, V1) yields:

A R B, +4J B,||Va = Vi|l2,5
bpv (- S7Q,V7V = 1l 57(1,‘/ + L =
k (pk 1( | ) 2 1) ¢(pk 1( | ) 2) nkfl(saa/)vl nk_l(s,a)\/l
3 By +4J By[[Va = V*l2p

> —1\ ) aV + v =

> ¢(Pr—1(- | 5,a),V2) ne_1(s,a) V1 ne—1(s,a) V1

= ¢(p(- | 5,0), V")
The first inequality is due to (T3), and the second is due to the second part of the Lemma. The result
for 67" (pr—1(- | s,a), V1, V2) can be proven similarly, and thus omitted.
O
Another property that will be useful throughout the proof is the following upper bound on
by (Pr—1(- | s,a), V1, Va)
Lemma 16. For any Vi, Vs such that for all s, Vi (s), Va(s) € [0, H]

2B,H +5J] + B,

biv(ﬁk—l(' ‘ S7a)a‘/27vl) <

= Vne—i(s,a) V1’
Proof. We bound b}" (pr—1(- | s,a), Va, V1) as follows:

A A B, +4J By|[Va = Villz,5
B2 (Pr_1(- | 5,a), Vo, V1) = _1(- | 5,a), Vo) + d Y P
i (Dr—1(- | s,a),V2,V1) = ¢(pr—1(- | 5,a), V2) GV G V1

O__ V) . ieV) | By+4J B,H

T Vre—1(s,a) V1 mp—i(s,a) V1L mgq(s,a) V1 ng_1(s,a) V1

2) B,H J B, +4J B,H

< +

+
ne_1(s,a) V1 nr-1(s,a) V1 ng_i(s,a) V1 ng_1(s,a) V1
() 2B,H +5J + B,
T/ ng—1(s,a) V1

In (1), we substituted ¢ and bounded ||V — Vi ||z, < H. (2) is by Lemma|I5]and Definition [T} and
(3) is by noting that n > /n for n > 1.
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We end this section by stating that Bernstein’s inequality induces an admissible ¢. The proof can be
found in [Zanette and Brunskill, [2019]], Proposition 2.

Lemma 17. Bernstein inequality induces an admissible confidence interval with g(p,V) =
\/2Varslwp( s,a)V In 2SATandj(p, V)=2H1n QSAT , or explicitly:

d)(p( | S,Cl),V) =

2Var5/~p( s, a)V In 2SAT 2H In 25:;‘T
ng—1(s,a) V1 * 3ng_1(s,a) v1

IIZSAT ~ ~
with the constants J = 21{1% = O(H),B, = /2n23L = O(1) and B, =

H,\/2In 255# = @(H) Using lemma it also implies that for any Vi,V such that for all
s, Vi(s), Va(s) € [0, H, it holds that 0" (px—1(- | s,a), Va, V1) S O(H).

E.2 Failure Events

E.2.1 Failure Events of EULER

We start by recalling the failure events as stated in [Zanette and Brunskill,2019]], Appendix D. These
events are high probability bounds that are based on the Empirical Bernstein Inequality [Maurer and
Pontil, [2009] and leads to the bonus terms of the algorithm. Importantly, these events depend on the
state-action visitation counter, and, thus, are indifferent to the greedy exploration scheme which we
consider.

Define the following failure events.

2VA R s, 4Szj1T 141 4S/?T
Fr:{HS,aJc: |r(s,a)—fk1(s7a)|2\/ ars—1R(s,a)In 75 + e

nr—1(s,a) V1 3(nk—1(s,a) V1)
41n 2SAT
ds,a,k : \/Vark 1 R(s,a) —+/Var R(s,a)
Nk — 1 )\/1
2Var, Vi, In 4327 2H In 2547
=13 tk::‘A_ : —p(- LAV S o ropClse) Tet &
{ S,a,t, (pk 1( ‘S,CL) p( |S7CL)) t+1 \/ nk_l(S,CL)\/l 3('ﬂk_1(s,a)V1)

2 1 255AT
FPv s,a,t,k: |||[Vill2.s — [V >H AT
s,a, btk IV 20 — 1V ll2,0] 2 Y PR EVE|

6/
nk—1(s,a) V1 3(nk—1(s,a) V1)

| s,a)(1 —p(s'| s, In 2TS2A 21 2TS/2A
P = {33,3',a,k: [Pr1(s' | 5,0) — pra(s | s,a)] > \/p(s Lo )= Pl 5 ) In TR

48 1n 3547
Fpnl — 3 k Dr_1(- — . > —
{ s,a,k : [[pe-1(- | s,0) —=p(- [ s,a)[1 = ng-1(s,a) V1

SAH
F,ﬁv {Hsak nk—1(s,a) ijsa — Hln (5}'

J<k

where w; (s, a) == Zil wy; (s, a). In [Zanette and Brunskill, 2019]], Appendix D, it is shown these
events hold individually with probability at most ¢’.
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E.2.2 Failure Events of Decreasing Bounded Processes

In this section, we add another failure events to the total set of failure events. This set of failure event
is not present in previous analysis of regret in optimistic RL algorithms (e.g., in |Azar et al.|2017,
Dann et al.|2017, 2018\ [Zanette and Brunskill|2019).

We define the following failure events.

K H
FPP =83K >0:> 3 N "V (s) B[V (s) | Fro1] > 9SH?1 35H
= Z U t t k—1] Z n 5

k=1t=1 s

5/

FrPP = {HK >0: 33 ST () = VI (9))? — BIVH () — VE()? | Faca] > 9SH? In 3‘”’}
k=1t=1 s

In this section, we prove that both of these failure events occur with low probability §’.

We start by proving that {V/*(s)} is a decreasing processes, independently to the previously defined

_ 2
failure events. We continue and prove that {Vt’“(s) — K? (s)} starts as a decreasing process and
then becomes and increasing process.

Lemma 18. The following claims hold.

1. Forevery s,t, {V/}*(s) }k is a decreasing process and is bounded by [0, H — (t — 1)].

2. For every s,t, {Kf(s)}k is an increasing process and is bounded by [0, H — (¢t — 1)].

_ 2
3. For every s,t, {(‘@k(s) —Kf(s)) } starts as a decreasing process bounded by
k

[0, (H — (t — 1)?)] and then, possibly, becomes an increasing process.

Proof. We start by proving the first claim.The following holds. By the initialization of the algorithm
Vs,t, V2(s) = H — (t — 1). By construction of the update rule V;*(s) can only decrease (see

Line[T4).
We now prove that for every s,¢,k, {V{*(s)}, is bounded from below by 0. By assumption

r(s,a) € [0,1], and thus #x_1(s,a) > 0 a.s. . By induction, this implies Vtk_l > (. The base case
holds by initialization, and the induction step by the fact #x_; > 0 and that the bonus terms are
positive.

Proving the second claim is done with similar argument, while using #;_1(s,a) < 1 a.s.. By the
update rule (see Line , {Kf(s)} is an Increasing Bounded Process in [0, H — (¢ — 1)] (similar

definition as in [I| with opposite inequality).

_ 2
To prove the third claim we combine the two claims. Thus, {(V}k(s) - Kf(s)) } starts as a

decreasing process. Then, if the upper and lower value function crosses one another, the process
becomes an increasing process. O

Remark 2. Notice that the upper bound and lower bound of the optimal value crosses one another
only inside the failure events defined in Section|[E.2.1). Yet, the analysis in the following will be
indifferent to whether the failure event takes place or not.

Lemma 19. Pr{F*PP} < §'.
Proof. We wish to bound

K A _ _ 3SH
Pr{3K >0:Y Y > V' (s) — E[Vif(s) | Fro1] > 9SH?In 5

k=1t=1 s

According to Lemma , for every s, t, {Vtk (s) } x>1 1s a decreasing process. Applying Lemma
(Appendix [A) which bounds the sum of Decreasing Bounded Processes we conclude the proof. TJ
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Lemma 20. Pr{FvsPP} <4/

Proof. We wish to bound

Pr{ﬂK >0 5050 SO (VE () = VE (s)? — E[(VE(s) = VE(5)? | Fiot] > 9SH? In 3SH}.

6/
k=1t=1 s

Consider a fixed s, t. Furthermore, define the following event

by = V) > VI ()}

We have that
K

DV s) = Vi (s))® — (Vi (s) = VE(5))? | Fior]
k=1

K
< () = VET ()2 ~ EIUVE(s) = VE()? | Foa] ) 1A}
k=

The first relation holds by definition, if the event Aj_; is false then the term is negative, since
the process becomes increasing, and only decreases the sum. The second relation holds since
1{Ay_1} is Fx_1 measureable. The forth relation holds since (V,*~!(s) — V¥71(s))? > 0 and
(L1{Ax_1} — 1{Ax}) > 0. Where the latter holds since 1{A,} =1 — 1{A,_1} =1,1ie,

ViE(s) > Vi(s) = VI s) > Vi1 (s).
Differently put, if at the k*" episode V,*(s) > V¥(s) then it also holds for the k — 1*" episode,
V/F~'(s) > V(s — 1), as the process {V}"(s)}, _, is increasing and {K,’f(.s)}k> is decreasing by

2 >0

Lemmal[I8]
Furthermore, by Lemma {(Vtk(s) —vr (s))zl{Ak}}k is a Decreasing Bounded Process in
[0, H?]. Initially, it decreases since 1{A}, = 1 and {(Vt’“(s) —vk (s))2} is initially decreasing.
Furthermore, when 1{A;} = 0 it cannot increase. Lastly, (V,’(s) — V?(s))21{A¢} < H>.
Applying Theoremwe get that for a fixed s, ¢, with probability %

K _ 3SH
D (VI 7H(s) = V() — E[(V(s) = V71 (s)? | Faoa] > 9SH In =2
k=1
By applying Lemma [T T| (Appendix [A)), which extends this bound to the sum on s, ¢ we conclude the
proof. O

Lemma 21. (All Failure Events) If §' = g, then

F:=F" UF’U’I” U P U [PY U vaZ U [Ps U Fpnl U F’UDP UF'USDP

holds with probability at most §. If the event F' does not hold we say the algorithm is outside the
failure event.
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Proof. Applying a union bound on all events, which hold individually with probability at most §’
yield the result. O

E.3 EULER with Greedy Policies is Optimistic

Our algorithm modifies the exploration bonus of [Zanette and Brunskill,[2019] by using Vi1, V.4
instead of Vi, V., and uses the following bonus (with some abuse of notation):

bﬁv(sva) = bzv(f)k—1<' | Sva)7‘7k—1aZk_1) .

We now show that the modified bonus retains the optimism of the algorithm:

Lemma 22. Outside the failure event of the estimation (see Lemma21)), if the confidence interval is
admissible, then the relation

K?—l S ‘/t* S ‘_/tkil

holds pointwise for all timesteps t and episodes k.

Proof. We follow the proof of [Zanette and Brunskill, 2019]], Proposition 4, and prove by induction.
We first prove that for all k, V;* < V¥,

The claim trivially holds for £ = 0, due to the initialization of the value. Suppose that the result holds
for any state s and timestep ¢ in the k& — 1™ episode. If

Tl l(staat)+bk 1(3tvat)+pk 1(+ | s, at)TVtJrl +bk 1(3t7at)>vk 1(515) )

then by the induction’s assumption we are done. Otherwise, denote the optimal action in the real
MDP at state s¥ by a}. The value is updated as follows:

Vk(sﬁ):fkfl(st?at)+bk 1(5taat)+pk (-] s, at)TV;:-&-l +bpi1(5?aaz]t€)
> T 1(5tat)+bk 1(5taat)+pk 1(- | s, at)TVtJrl +bp7j—1(sfva:)
> r(sf,af) +pr-1(- | s,a) VAT + 007 (sF, af)

The first inequality is since a/ is the action that maximizes the greedy value and the second inequality
is due to the optimism of the reward when the reward bonus is added, outside the failure events
(Lemma . Next, using the inductive hypothesis (V' ; < V;’i_ll element-wise), we get

‘/tk(sf)>r(5taat)+pk 1(- | s, at)TVt+1+bk 1(Sfaat)

We now apply Lemma |[I3] which implies that

bz]:j— (staat) >¢( ( |Sf>a2k)aV*) )
and thus

VE(s) = r(stoaf) + pree1 (- | s,a) Vi + ool | s7,a7),0")

Finally, since ¢ is admissible, we get the desired result from property (2) of Definition [T}

VEGsE) = r(siyar) +p(- | s,a0) Vi, = Vi (sF)

The proof for Kf 1< V;* is almost identical, and thus omitted from this paper. O
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E.4 Proof of Theorem[9l

Proof. Throughout the proof, we assume that we are outside the failure events that were defined in
Section[E.2] which happens with probability of at least 1 — § (Lemma[21). Specifically, it implies
that the value function is optimistic, namely V;*(s) < V{#(s) (Lemma[22), and we can bound the
regret by,

Mx

K
Regret(K) = Vi(sh) — Vi (sh) < Z — V™ (sY).

k=1

Next, by applying Lemma 7] the following bound holds,

Zv“ — VA | o]
(A)
K H
+ ZZE The1—T) 5?7‘1?) + (Pr—1 —p)(- | 8¢ vat)Tthill | fk—l]' (14)
k=1 t=1
(B)

The regret is thus upper bounded by two terms. The first term (A) also appears in the analysis of
RTDP (Theorem ). Specifically, by Lemma [34] (Appendix [F]), we can express this term as a sum of
S H Decreasing Bounded Process in [0, H]:

H K
=Yy [V (s) | Fiea).

t=1 k=1

Bounding (A). Outside failure event FVPP 35H  Thus,

(4) S O(SH?)

Bounding (B). The term (B) is almost the same term that is bounded in [Zanette and Brunskill, 2019],
and its presence is common in recent literature on exploration in RL (e.g.,|Dann et al.[|2017, 2018}
Zanette and Brunskill|[2019). The only difference between (B) and the term bounded in [Zanette
and Brunskill, 2019] is the presence of Vk=1 the value before the update, instead of V'*, the value
after applying the update rule. This is since existing algorithms perform planning from the end of an
episode and backwards. Thus, when choosing an action at some timestep ¢, these algorithms have
access to the updated value of step ¢ + 1. In contrast, we avoid the planning stage, and therefore must
rely on the previous value V¥~1. We will later see that we can overcome this without affecting the
regret.

Next, let Ly, be the set of *good’ state-action pairs, which is defined in Definition 2] and analyzed
thoroughly in Appendlxﬂ .1l We now decompose the sum of (B) to state actions in and outside Ly.
We also note that except for the s¥, af, all of the variables in (B) are F;_; measurable, which allows
us to explicitly write the conditional expectation using w; (s, a), as follows:
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M=

5
|

wit(s,) ((Frr = )(5,0) + (s = p)(- | 5,0) TV

M= 11>
M= 1

Z wtk(sva)<(fk—l —7)(s,a) + (Pr—1 — p)(- | Saa)TVt’fll)

1 (s,a)€Ly

£
Il
—
o
Il

4
M=
M=

wor(s.) (Feer = )5, 0) + Gaor ~ ) | 5,0) V)
(s,a)¢Ly

£
Il
-
-
Il
—

—~
=

A
M=
M=

wik(s, a) ((7:]671 —7)(s,a) + (Pr_1 —p)(- | s, a)TVt]ﬁl)

e
Il
—
-
Il
-
—~
)
Q
=
m
=
Eal

n
T

M=

M=

wik (s, a)
s,a)¢ Ly

ES
Il
—
-
Il
-

s
=

A
M=

wit(s,) (Pt = 7)(s,@) + (-1 = p)(- | 5,0) Vi) + O(SAH?)
Ly

£
Il
=
-
Il

t=1 (s,a)

m

For (1), we bound (7x_1 — 7)(s,a) < 7r_1(s,a) and (Pr—1 — p)(- | 8,@)TVE" < pr1(- |
s,a)TV,E1!. The estimated reward is in [0, 1] and it’s bonus is at most O(1), and thus the optimistic
reward 7_1(s, a) is @(1) Due to Lemma the optimistic value Vt’fﬁl < H, and thus pg_1 (- |
s,a)” < H. The transition bonus is b2 (s,a) = O(H) due to Lemma which implies that the
second term is O(H ). Together, both terms are O(H). (2) is due to Lemmaof Appendix

As in [Zanette and Brunskill, [2019]], we continue the decomposition of the remaining term by adding
and subtracting cross-terms that depends on pg_1(- | s,a)

K H
Y>> walsa)((Fror —r)(s,a) + (Bro1 —)(- | 5,0) V)

k=11t=1 (s,a)€Ly (1) @)

+we(s,0) (be-1 =) | 5,0) Vi +wa(s,a) (o1 = p)(- | 5,0)" (Vi7" = Vi) (19)
(3) 4)

Recall that we use Bernstein’s inequality as the admissible confidence interval. Thus, by Lemma [26]
n 2SAT ~ ~

it holds that J = 22225~ — O(H), B, = 1/2In 24T — O(1) and B, = H/2In 25AT —

@(H ). Also let F, D be the constants defined in Lemma [23] and specifically

Fi=2L+ LHVS + 6B,H = O(H\/E)
D :=18J + 4B, + 4L* = O(H)

Substituting these constants, terms (1) — (4) are bounded in Lemmas and [32] respectively

as follows:
(1) S V/C;SAT + SA
2) < min{m + SVSAH? + SAH% \/CSAT + 5\/§AH%}
3) < min{m + SAH,V/CSAT + S\fSAH%}
(4) S S?AH? + SVSAH?
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Thus, term (B) of the regret is bounded by:

(B) < min{\/(C*SAT, \/(C”SAT} + /CrSAT + S2AH? + SVSAH?

< /min{C* + Cr,C~ + C:}SAT + SvVSAH? (\@ + \/ﬁ)

Finally, using Lemma 28] we can bound this term by

(B) < \/min{Q*, C;}SAT + S\/EAH2<\/§+ \/ﬁ)

and noticing that (A) is negligible compared to (B), we get

Regret(K) < \/ min{@*, %2 }SAT + SVSAH? (\/5 + Mﬁ)

To derive the problem independent bound, we use the fact that the maximal reward in a trajectory is
bounded by G < H, which yields

Regret(K) S VHSAT + SVSAH? (VS + VH)

E.5 Cumulative Squared Value Difference

In this section, we aim to bound the expected cumulative squared value difference. Specifically, we
are interested in a bound for the following quantities:

K H 2

SO S wnls a5 (Vi - Vi) (16)
k=1t=1 s,a

K H

SO wnls al- | s.a)" (V- V) an
k=1 t=1 s,a

The first quantity allows us to replace Lemma 12 [Zanette and Brunskill, |2019]], and the second
allows us to prove Lemma 14 of the same paper. Together, they enable us to use the same analysis
of [Zanette and Brunskill, 2019]. The final results are stated in Lemmas [26] and [27) by the end of
this section. Most of the section will focus on bounding (I6)), which requires a much more delicate
analysis than the bound of [Zanette and Brunskill, 2019].

_ 2
In order to bound (I6), we start by bounding (Vt’fﬁl — Kf;ll) in the following lemma, which
corresponds to Proposition 5 of [Zanette and Brunskilll |2019]:
Lemma 23. Outside the failure event, the following holds:

= e _ . F+D
Vtk(sf) _Kf(sf) < ]E[thfkll(sf+1) _Kfﬂl(sfﬂ) \ .Fk,l,sff] +mm{ . (Sk ak) v 1’H},
k—1\9¢ Uy

where F := 2L + LH+\/S + 6B,H, D :=18J + 4B, + 4L2, the constants J, By, B, are defined

in Deﬁnitionand L:= QW‘

Proof. The proof is similar to [Zanette and Brunskill, [2019] Proposition 5, which is presented here
with the needed adaptation.
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If the state s} is encountered in the k'" episode at the t* time-step, then V% (s¥), V¥ (sF) will be
updated according to the update rule. Thus,

Pro1(sy,at) + bhor (st ar) + pr—1(- | st a8) VAL + 027 (e (- | 57, at), ‘_@Ifﬁlavﬁf)

Fro1(st,af) — bpor(sf,af) + pe—1( | st,a8) Vi — b0 (oo (- | st ab), Vi), Viiah).

Subtraction yields:

Vtk( ) — Vt(st)<2bk l(stvat)+pk 1(- |3t7at) (V;fﬁ-ll Kfill)
‘H’Z (Pr—1(- ‘smat) ‘éﬁ117Vf+11)+bZ”(ﬁk71( |5taat) V115€+117‘/t]i11)'

Next, we substitute the definition of the confidence bonus, which yields

VE(sE) — Vi (sF) <2b_y(sF,af) + pr-a(- | sF,a)T (thill Kfﬁl)

A 4] + B, B, |V = Vi e,
+ o(Pr—1(- |St=at) V;tlill) V1 == % Z-H .
N — l(Stvat> nkfl(staat)\/1
. 4]+ B, Bu| Vi = Vit e
+¢ﬁk—1 ° Skaak azk ! + =
( (-t a0) V) np—1(sf,af) v1 np—1(sf,af) V1

Using Lemma([I3] property (2), and Inequalities (I3), we get,

Vtk( ) — Vk(st)<2bk‘ 1(8t7at)+pk 1(: |5ta a) (thful Kf-ﬁl)
47+B, BV - V?;%lz,ﬁ>
ng—1(sf,af) V1 ng—1(sk,af)v1
=20, (s;,a;) +p(- | st, )T(Vt’ill Vt+1)
+ (Br—1(- | Stvaf) p(: |St7at)) (V;t]ill K?—:ll)

+ 2¢(p( | 811567@?)7*;%1) + 4(

+ 29(1)(' | vaaf)a t+1) 2 J
ng_1(sF,af)v1 ng—1(sf,af) V1
k k—
4 4J + By B, ||Vt+11 Kt+11 2,p
ng_1(sf,af)v1 ne_1(sk,af)yv1 )’

where in the last relation we substituted ¢ and added and subtracted p(- | s¥,a)T (thjrl1 Vf;ll ).

By Lemmaﬁ we know that V£ ,Vle € [0, H]. Thus,

t+1 t+1 H < H, which also

implies that HVt’f,__l1 - fo;ll ll2,s < H. In addition, using Holder’s inequality, and outside failure
event FP"! we can bound

(Br-1(- | s¥,af) —p(- | sf,af) T (VS = Vi)

< [lpa | stoaf) = pC | sboab)||, ||t -]

48 1n 2547 S
<H{|—— 3 __IH [ —
ng—1(s,a) V1 ng—1(sf,af) V1

Substituting both of these bounds, we get
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S

VE(sE) = Vi (sh) < 2bp_y (st af) +p(- | sF, )T (VAL = Vi) + LH e (sE a1

g(p(' | S?aaf)vv;&il) J
+ 2 T
ng—1(sF,af) v 1 ng—1(sy,a;f) V1
4J + B, B,H
+4 + (18)
nk—1(sf,af) V1 ng_1(sk,af)v1

We now bound the remaining terms. First, using Lemma. property . we can bound g(p, V' ;) <
B, H. Second, notice that

p(- | 3?7 )) (thful K?—:ll) = ZP(Sfﬂ | Sf, (Vtﬁ-ll(stﬂ) Kitll(sfﬂ))

k
St41

= E[‘Z’fﬁl(sfﬂ) Vt+1 (3t+1) | Fr—1, 3?]

Finally, outside failure event F'", the reward bonus can be bounded by

bk 2Var(R(sF, ak)) In 4547 4SAT 141n 486471
k(s ar) = k
Ng— 1(st,at)\/1 3ng_1(sF,af)Vv1
L 212
<

nk,l(s,’f,af)\/l nk71(311567a1]5€)\/1

where we used the fact that for variables in [0, 1], Var(R(sF, ak)) < 1.
Putting it all together in (I8), we get

VEsh) = VE(s$) < B[V (sha) = VI (sbn) | P ot
2L + LHV/S +6B,H  18J + 4B, + 4L?

ng_1(sk,af)v1 ni—1(s,af) V1

[Vti11(3t+1) Vt+1 (5t+1) | Fr— 175t} +

F+D
ng_1(sk,af)v1
where in the last relation we substituted F' and D and used \/n < n forn > 1.

To finalize the proof note that outside the failure event, V¥ (s) < V;¥(s), and the first term is therefore
positive. combined with Vi*(sF) — V¥(s¥) < H yields

- . —k— - F+D
Vi (st) = VE(sh) < ming B[V (sb) = VI (st4) | o, sb] + —___H
ng—1(sf,af) v 1

rk— . F+D
< E[VAT (st0) = VI (sf) | Fio, st | + min . Hy.
ne—1(sf,af) V1

O

Remark 3. See that the first term in Equation Lemma23|does not appear in the analysis of [Zanette
and Brunskill, 2019|]. Its existence is a direct consequence of the fact we use 1-step greedy policies,
and not solving the approximate model at the beginning of each episode. Remarkably, we will later
see that this term is comparable to the other previously existing terms.
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We now move to bounding the expected squared value difference, as formally stated in as follows:

Lemma 24. Let A} := <Vtk Lsky —vh=1(sk )) (Vt (sF) — Kf(sf)) Then, outside the failure
event,

[(vk M)~ VI sh) | A

2
<2HZ {Af, (s¥) +min{ (F+D))\/1 2}”‘%—1}

— nig—1(st, af

where F + D is defined in Lemma 23]

Proof. Before proving the bound, we express the bound of Lemma in terms of AF. For brevity,

we denote Yy (s,a) = min{ ﬁ, H}, which is 7}, measurable.

Assume the state s} is visited in the k™ episode at the ¢** time-step. Then, by Lemma 23]
Vk 1<5t) Kk l(st) Ak + Vk(st) K?(Sf)
< A} + Yo (sf,ar) +E[V;5}j-711(sf+1) - Kf_:ll(sﬁl) | ]:kfhsﬂ : (19)

()
Next, by substituting Equation (I9) in (*), we get
(*) < ]E[AtJrl + Y1 (s, ar) +E[V;f+2 (sf1a) — Vt+2 (sta) | Fa- 1»3t+1] | Fr— 1735]

= B[+ Yia (ko afy) + VAR (shi) = VIR () | Fion, st

where the last relation holds by the tower property.

Iterating using this technique until t = H, and using Vg1 =V 41 = 0, we conclude the following
bound:

Vtk I(St) Vf 1 St Z]E t’ 5t/)+Yk 1(St’ at’)|]:k 1757&}

t'=t

With this bound at hand, we can derive the desired result as follows:

_ 2 A ?
(7 v < (o Blabioh) i o) 7ot

=t

(CS) 2

< (H-t+1 ZE AL (s5) + Yieo1(sh,ab) | Fro1,st]
t'=t

(J) A

S _t+1 ZE{ At/ St/ +Yk; 1(8t/,at/)) ‘.Fk 1,St:|
=t

(©5) A

< 2(H7t+1)z [A ( ) JFYk 1(5t’ af/)|]:k 1v5f]

t'=t

H
<2H Y E[A[(sp)” + Vi (s, ap) | Frot, sf]

t'=t
. . . n 2 n 2 : s
- bl j— ) = | — i
(C'S) denotes Cauchy-Schwarz inequality, and specifically (3 ; a;)” <n) ., a;. (J)isJensen’s

inequality. Taking the conditional expectation E[- | Fj_1], using the tower property and substituting
Y (s, a) gives the desired result. O
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After bounding the expected squared value difference in a single state, we now move to bounding its
sum over different time-steps and episode. The main difficulty is in bounding the sum over the first
term, which we bound in the following lemma:

Lemma 25. Outside the failure event,

K H H-1

ZZZE £ (str) |-7:k 1] < O(SHY),

k=1t=1 t'=t

where AF(sF) is defined in Lemma

Proof. We have that

ZZEAt’St )| Fr—1] = ZtEAkSt |]:k1<HZEAkSt) | Fr—1l-

t=1t'=t t=1
Furthermore,

5 _ 2

t (8¢ t — (Ve'lsy) — Vilsy

(Ak(sk)) Vk 1(8) Vk 1( ) Vk(sk) Vk(sk)
2 2
= (VA sk - v sh)
— 2V k) - Vi)
< (VM) — VI )+

_ 2 2
= (Ve - v sh) - (VEsh - vEeh)

where the third relation holds since V*(s), V¥ (s) decreases and increases, respectively, by Lemma

and since outside of the failure event V*(s) > V¥ (s), Vk (Lemma. Another implication these
properties is that

(Vs — VA ) = (Vs — vEsh)
Thus,

]EAk Sf |fk 1]

M:

K
H),
k=1t=1

o
Il

m
M=

SCEL(TE et - V) - (Ve - V) (Al o)

1t=1

=~
Il

38



For brevity, we define AV;*(s) = V/(s) — V¥(s). Similarly to the technique used in Lemma 34
(Appendix [F),

M=
M=

BV ()~ VI ) - (VG - VD) | A

a
Il
=
~+
Il

E[Avk 1(3t) AVk(st) | Fr—1]

I
M~ 1
M=

£l
Il
-
~
Il
-

=
—

M=

ZE 1{s} = s} AV (s)? — 1{s} = s} AV (5)? | Fieoi]
1

—
—

1 T
M=

D_E[{st = sPAVITH(5) + 1{s} # s}AV T (s)? | Fi]

1 s

ES
I
—
o~
Il

—E[L{sf = s}AV(s)” + 1{sf # s} AV} (s)? | Fii]

®
] =
M=

> AVF(s)? — E[AVF(s)? | Froa

S

=~
Il
_
~
Il
-

Relation (1) holds by adding and subtracting ]l{s # sp }Vk !(s) while usmg the linearity of expec-

tation. (2) holds since for any event 1{A} + 1{A°} = 1 and since AV*~! is F},_; measurable. (3)
holds by the definition of the update rule. If state s is visited in the k*" episode at time-step ¢, then
both V}*(s), V¥(s) are updated. If not, their value remains as in the k — 1 iteration.

Lastly,

H
> S AVET(s)? — E[AVF(s)? | Fioi]

1t=1 s

XK;ZZ(VJCl(s)—Vf‘l(s>)2—E[(Vf<> V( )) | Fia] < O(SH?),

=1t=1

M=

where the inequality holds outside the failure event FV*PF, which is defined in Appendix E l
Plugging this into (20) concludes the proof.
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We are now ready to prove the main results of this section and bound (T6) and (T7):
Lemma 26. Outside the failure event.

5 S watsalpl | 5.0 (Vi VE) < O(SAR(F + D) + SAH®).

k=1t=1 s,a
where F + D is defined in Lemma|23]

Proof. Recall that wyy,(s,a) = Pr(sF | s¥,7) is the probability when following 7* in the true

MDP the state-action in the £ episode at the ' time-step is (sF, a¥) = (s, a). Thus, the following
relation holds.

Zwtk s,a)p(- | s,a) (V;t]ill K?-ﬁl)g

=D Pr(sf | shom) D plstar | st af) (VT (st) = Vi (s0))?

St St41
irk— k—
= Z Pr(sf-s-l | Slfvﬂk)(vtﬂl(sf-s-l) - Kt+11(5i€+1))2
St41

= E[(V5 " (s041) — Vit (se41))? | Freal-

. k—1 k—1 .
Since Vi 1 (s¢41) = VH+1(3t+1 = 0, we obtain,

Zzzwtk s,a)p(- | s, a)(Vt’ill Vt+1)

A

=SSN EIVE () — VE 9 | Fie)
ki_(l ;I

<Y O CEIVEN(sE) = VTN (sE)? | Fral.
k=1 t=1

Thus,

M=
M=

S was a)p(-| 5,007 (V5 - Vi)

s,a

>
Il
—
-
Il
—
w

M=
M=

B[(VA(s8) ~ VI D) | il

£
Il
—
-
Il
—

—~
*
~

EIAN(sP)” | Feoa] +2HY Y

k=1t

E[AR (9 | Fie 1]+2H;ZtE{min{(F+D)2 H2} |fk_1}

=
M=
M=
M=

bt )

Nkg—1 (Szu +

-
o~
—
B
Il
o

1=t

I

=
M= 1
M=

k=1 t=1 P nEk—1 )
K H K H 2
F+D
<2023 SOEANs)? | Fid] +2H222E{min{L } | EH} o
k=1t=1 k=1t=1 Nk 1(8t ) a’t) 2%

where (%) last relation holds by Lemma in which AF(sF) is defined. The first term is bounded in
Lemmaby @(S H?). The second term is bounded outside the failure event Using the *Good Set’
Ly, which is defined and analyzed in Appendix [F.I} The bound for this term can be found in Lemma
[39] Combining both of the results and substituting into (1)) yields

K H
ZZZwtk (s,a)p(- | 5,0)T (v;+1 Vm) < O(SH®) + O(SAH(F + D)? + SAH®)

k=1 t=1

= O(SAH*(F + D)? + SAH®)
O
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Lemma 27. Outside the failure event.

Zzzwtk (s,a)p(- | 5,0)T (Vi7" = V7it)? < O(SAH3(F + D)2 + SAH®)

k=1t=1 s,a

where F + D is defined in Lemma|23]

Proof. Similarly to Lemma[26] we have that

ZZZ“’“@ s,a)p(- | s,0)" (VAT Vzkkl)

k=11t=1 s,a
K H

SOE[(VAM 68 — Vi) | Fid]

1

IN

IN

M= I
M= 1

E[(V;k_l(sf) — V™ (s5)? | FIH] (22)

~
Il

1t

1

where the last inequality is since V;}ﬁ(stﬂ) = Vi1 (se41 = 0. Applying Lemma we get,

B (V) — V7 (s)) | Fica]

t'=t

iE{(wl(sﬁ)—v’“(s@)) | Fioe 1,st} | Fio_ 1}

Z_:E{((fkfl - 7‘)(85,@5))2 + ((ﬁkq —p)(Sf'aaf')thfﬁl) | F— lvst] | Fr— 1]

® SHZE{(VIC 1( )_Vk(sf/))2|fk71}

t'=t

2
@ H L B ~ ) N
= [<ZE[Vk 1(55) - Vk(sf/) (Pt — T)(Sf”af/) + (Pr—1 —p)(sf’,af/)vtlill | -7:}@-175?]) | Fr—1

2)
< 3HE

+ 3HE

2 _ 2
+3HZE[( (et = (sbsa)” o+ ((ro = p)sbab V) 7]
t'=t
Inequality (1) is by Lemma (2) is due to Jensen’s inequality, and using the inequality
>r, al) <n) 1, a? and (3) is by the tower property.

Plugging this back into (22)),

K H H
@ oSS ]

k=1t=1t'=t
K H H 9

£33 S B[ (ot = ) (sheab)” + (oo — p)(sbab) VAT | ]
k=1t=1t'=t
K H

< 3H? E[(VF1(sf) — VF(sh)) \.7:1@—1}
k=1t=1

K H
~ 2 ~ 7k—1)2
+3H? ZZE (Fro—1 —7)(st,af))” + ((Br—r fp)(sﬁaf)vtill) [ Fr-1]. (23
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‘We now bound each term of the above. First, we have that

:ZZE[(vk-l(sf))2+(vk(sf)) — Tk (sky TR 1(sk)|fk,1}

1y H H ) , ,

< DD E[(VFH) + (VHs) - 2(VH )" | Fie
0o 2

= SB[ - (7)) | P

( )t; t;; = 2 2

=YY (V) B [(VE6) | Fi
t=1t=1 s

Relation (1) holds since 0 < V* < V#~1 (see Lemma . (

2) is proven similarly to Lemma
(Appendix [F), as follows

SOSTE[(VE ) - (VR |
k=1 t=1
OSSO TER{sE = s} (V51 (9) - 1k = s} (VH()" | Fia]

DN S S ER{sE = s} (VE ()" + 1{sk # s} (VFN(9)” | Fio]

— E[]l{sf = 5}(‘7k(s))2 + ]l{sf‘/C + s}(f/k*l(s))2 | Fr_1]

(1) holds by adding and subtracting 1{s # s¥ } V"' (s) while using the linearity of expectation. (2)
holds since for any event 1{A} + 1{A°} = 1 and since AV,*"! is F;_; measurable. (3) holds
by the definition of the update rule. If state s is visited in the k" episode at time-step ¢, then both
Vi¥(s),V¥(s) are updated. If not, their value remains as in the k — 1 iteration.

Next, by Lemma (18| for a fixed s,¢, {V/*(s)}, ., is a Decreasing Bounded Process in [0, H?].
Applying Lemmalf|l I we conclude that B

K H
<SS S (VE ) —EL(VRs) | Fioa] S O(H?S).

k=1t=1 s
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We now turn to bound ().

k=1t=1
ny KX «
=B 9 S (RSN HES PR ) o LRI E
k=11t=1 P st
K H
(2) §
S4ZZE[(Z) (Staat)) |]:k 1}
k=1 t=1
2
iy YE V 2ar(R(sh b)) n S50 ST\
k=11=1 ne-1(sf,af) V1 3nk—1(sf,af) V1 k=1
® K . 1 .
DN e ik
4
< O(SAH)

In (1), we used the definition of 7,_; and the inequality (a + b)? < 2a% + 2b%. (2) is since outside
the failure event F", (75,_1 — r)(s,a) < bl.(s,a). (3) uses the fact that R(s,a) € [0, 1], and thus
Var(R(s, a) < 1,and /n < nforn > 1. Finally, (4) is due to Lemma

Lastly, we bound (* * ).

K H
> S E[(Br-1 —p) (st )W) | Fid]

k=1t=1
K H
ZZE[ Pt = p) (st af) VAT 0 (s a)) " | B
k=1t=1
) L& A k Tyrk—1 pv/ k
< QZZE[((Pk—l—p)(St,at) Vt+1) (bk (Staat)) | Fro— 1}
k=1t=1
2) L& A v rk—1 v
<23 SB[ (5o = Pl VAT o)+ (07 (st ab))” | Fics
k=1t=1
(3) L& 21 A 2 v/ k
<2 S E|H e — plfE + (O (sF, @) | Fid
k=1 t=1
o E & H%S (2B,H + 5J + B,)*
< E v p ]_'
S22 B Tt kT
(5) .
< O(SAH(F + D)?)

Similarly to the bound on the reward, (1) uses the inequality (a + b)? < 2a? + 2b2. Inequality (2) is
due to Holder’s inequality, and (3) bounds ||V;’ffll llo < H, which is due to Lemma|18| Next, (4)
bounds the transition error outside to failure event F7"! and b} according to Lemma|16] Finally, (5)
is by Lemma [39)and noting that H2S + (2B, H + 5J + B,)? < (F + D)2

Substituting all of the results into (23), and remembering the H? factor in this equation, gives the
desired result.

O
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E.6 Bounding Different Terms in the Regret Decomposition

In this section, we bound each of the individual terms of the regret decomposition (Equation [T3),
relaying on results from [Zanette and Brunskill, [2019], as well as on the new lemmas derived in
Section [E.5] Lemma [26] and Lemma First, we present the problem dependent constants of
[Zanette and Brunskill, [2019] for general admissible confidence intervals, and their relation to
problem dependent constants with Bernstein’s inequality

Lemma 28. Let C* and C™ be upper dependent bounds on the following qualities:

| K 4
C* > T ZZZwtk(S,a)g(p, V:i-l)2

k=1t=1 s,a

1 K H
Cc™ > T Zzzwtk(sva)g(pv ‘/;57-:-]61)2 )

k=1t=1 s,a

with g(p, V) = \/QVarS/Np(,Ma)V(S’) In QS;‘T, and let

[ E A
Ci:f ZZ Z wyk(s,a)VarR(s,a) | ,
s,a)ELy

k=1t=1(

where Ly, is defined in Deﬁnition Finally, let Q* := max o (VarR(s, a) + Vary p(.s,a) Vi1 (s)).
Then,

g2

Cr < =—

~ H

g2

Cr<—

"™ H

Proof. We follow proposition 6 of [Zanette and Brunskill, |2019], and start by substituting g(p, V')
into C; 4 C*

K H
1
C+C' 3 T Z Z wyi(s,a)VarR(s, a)
k=1t=1 (s,a)€Ly
| K H
7 DD D winls,a)Varg i rsn Vi (s)
k=1t=1 s,a
L (& H
< H {20202 wuls.a)(VarR(s, @) + Varypjo.n) Vi ()
k=1t=1 (s,a)
L (& H
< 7 [ 2200 3 wens, @) max{VarR(s, a)} + Var (oo Vit (s)
k=1t=1 (s,a)

where the last equality is since 3, ) wik(s,a) =1and T = HK.
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Next, we bound C™:

K
- 1
C SJTZZZwtk(S a)Vary p(.js,a) Vi (s')
k=1t=1 s,a
o K H 2
2 fz (ZT st,ay) V17Tk(51)> | Fr—1
k=1 t=1
1K H 2
<72 E (ert’“5> | Fr-1
k=1 t=1
2) 1
< —KG? =2
<7 g H ,

where (1) is due to the Law of Total Variance (LTV), which was used in [Azar et al.,|2017]], and was
stated formally in Lemma 15 of [Zanette and Brunskill, 2019]. In (2), we bound the reward in an
episode by G.

Finally, the bound on C} is proven in Lemma 8 of [Zanette and Brunskill| [2019]], which concludes
this proof.

O

We also prove the following lemma that helps translating bounds that depend on C* to bounds that
depends on C™. This lemma is equivalent to lemma 14 of [Zanette and Brunskill, 2019, but the
prove requires Lemma[27] that was not proved in their paper. This is since they rely on the inequality
Z,’f -1 < V™, which does not seem to hold.

Lemma 29 (Bound Translation Lemma). Outside the failure event, it holds that

K H * K H T
ZZ Z wir(s, @) g(f’a(vtﬂ) 722 Z wek (s, @) g(p,VtH)

k=1t=1 (s,a)eLy, ’I’Lk_1(5, (I) V1

- @(BUSAH% (F+ D)+ BUSAH%>
where F, D are defined in Lemma 23]

Proof. We start as in the original Lemma 14 of [Zanette and Brunskill, 2019]:
K H
9(p

>0 w“fsa\/ﬁ ZZ > wtksaw

k=11=1 (s,a)ELy Tkal(S,a)\/].

K H . o
SBUZZ Z wtk(S,a)|“/t+1 Vt!l”z,p

ng—1(s,a) V1

K K H
wi(s, a) « T
- Bv$ ZZ Z nkff](vs,a) V1 ZZ wtk(s’a)HV;f‘H o Vt'*‘klnzm
k 3

where in (1) we use property I 1| of Definition |l l and (2) is due to Cauchy-Schwarz in-
equality. In (3) we used Lemma [37] E Next, we apply Lemma [27] n to bound the re-

maining term by O<\/SAH3 F+ D)? +SAH5) and bound \/SAH3 (F+ D)2+ SAH® <
V/SAH3(F + D)2 + v/SAHS5, which yields the desired result O
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We are now ready to bound each of the terms of the regret. To bound the first term, we cite Lemma 8
of [Zanette and Brunskill, 2019]:

Lemma 30 (Optimistic Reward Bound). Outside the failure event, it holds that

ii Z Wik (s, a)(Fr—1 — r)(sf, af) (\/W+SA>

k=11t=1 (s,a)€Ly

The next three lemmas correspond to the remaining terms, and follow Lemmas 9,10 and 11 of
[Zanette and Brunskill, 2019], with slight modifications:

Lemma 31 (Empirical Transition Bound). Outside the failure event, it holds that

The following bound also holds:

ZZ > wi(s,a)(Br-1 —pr-1)(- [ 5,0)T Vi
k=1

t=1 (s,a)€Lg

(\/C”SAT + JSA+ B,SAH? (F + D) + BUSAH%)

where F, D are defined in Lemma 23]

Proof. Similarly to Lemma 9 of [Zanette and Brunskill, [2019], by the definition of ¢ (Definition ,
and outside failure event F'PY,

K H
YYD wals,a)(Br-1 —pe-)(- | s,0) Vi

ng—1(s,a) V1

0 [E& s _wi(sa)
< ZZ wik(s, a)g(p, V1) ZZ Z nk—1(s,a) V1

k=1t=1 (s,a)€Ls k=1 t=1 (s,a)€L;
L wik (s, a)
J tk\o,
+ ZZ ng—1(s,a) V1
where the last inequality is by Cauchy-Schwarz Inequality. Substituting the definition of C*, and

using Lemma[37] we get

< VTC*V/SA+ JSA ,

which concludes the first statement of the lemma. To get the second statement, we apply Lemma
before inequality (x) and only then use Cauchy-Schwarz Inequality. This creates the additional
constant term of O (BUSAH 3(F + D)+ B,SAH 5) Then, by applying Lemma we get the
bound with C™. O
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Lemma 32 (Lower Order Term). Let F, D be the constants defined in Lemma23] Outside the failure
event, it holds that

K H -
ZZ Z wek(s, a) pkfl —p)(- | S»G)T(Vtkﬁl - t*+1)|

k=11t=1 (s,a)€Ly

= @(SiAH(F +D+H?)+ S2AH)

Proof. Similarly to Lemma 11 of [Zanette and Brunskill, 2019], by the definition of ¢ (Definition m),
and outside failure event F'P%,

K H
NN wuls )| e —p)( | s, a)" (VL = Vi)

L p(s" | s,a)(1—p(s'|s,a)) 5p_1,, .
SRY X o Xy PR ) Vi)

K H k1 #
+ZZ Z Wik (s, a) Z |Vt+1 a‘)/t\tll(sw

le1

=g p(s" | s,a)(1—p(s'|s,a)) 5p_1,, .
SN S e 3y PTG )~ Vi)

K H s
+3 3 w($,0) T

where in the last inequality we used the fact that V" ; and Vt’i—ll are in [0, H], by Lemma Next,

using the optimism of the value Zf;ll <V < thi_ll (Lemma , and since (1 — p) < 1 for
p € [0, 1], we can bound

SZ Z 1Utk(37a)%: #,z)a\)/l

k=1t=1 (s,a)€Ly

VIR = V()

K H

+HSZZ Z wtk(&gl)vl

nk—1(s,a
k=1 t=1 (s,a)€Ly B-1(s,

(cs)y X H Sp(- | s, T (k=1 _ k=12
< ZZ Z wik (s, a) \/ p( |Sni)71((s:1) \/ l—t+1)
L wik (s, a)
tk\9,
THSYY Y Ferois

Nk 1( S,a

- ﬁJZZ > MJZZ wik(s,)p(- | 5,0)7 (V3! = Vi)®
PHSYSS S RS

n
k=1t=1 (s,a)€Ly k1

(%)

< VSVSA\/SAH?(F + D)2 + SAHS + SH - SA

= @(S%AH(F +D+H?)+ SQAH)
( S) denotes Cauchy-Schwarz. Specifically, the first inequality uses Y ., a;b; < \/n ., a?bz.
In (%), we used Lemmas [37|and
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Lemma 33 (Optimistic Transition Bound). Let F, D be the constants defined in Lemma[23} Outside
the failure event, it holds that

ZZ Z wtk’(sva)(ﬁk—l 71576—1)(' | sva)T‘_/tli—ll

k=11t=1 (s,a)€Ly,

- @(\/C*SAT+ (J + B,)SA+ BUSAH(F—&— D+ H%) +B,SAVSEH(F+ D+ HY) + SHQ)

The following bound also holds:

S0 Y wils)rer —pron)(- | 5,0) Vi

k=1t=1 (s,a)€Ly

=0 (\/C"SAT +(J + B,)SA+ B,SAH®(F + D + H) + BvSA\/s%H(F +D+H?)+ SHZ)

Proof. Similarly to Lemma 10 of [Zanette and Brunskill, 2019]], by the definition of the bonus,

ZZ Z wtk S, a pk 1— Pr— 1)('|S7G)T‘7tﬁ_11

k=1t=1 (s,a)E€Ly

Z Z wek(s,a)bl’ (s, a)

wik (s, a) (d’(ﬁk—l(' | s,a), Vfﬂl)

Bu|ViS" = Vi |2 4J + B,
nk—1(s,a) V1 nk-1(s,a) V1

BollVi' = Vi N2 4] + B
wik (8, a | s,a),V*)+2 =+ 2 P .
tk( ) <¢(p( | ) ) nk,l(s, a) V1 nkfl(s,a) VA

In the last inequality, we applied Lemma@ Property(3)), and used Equation (13)) together with the

optimism of the value function, that is Vf <V, < Vt’fH (Lemma . Next, we substitute the
definition of ¢ (Definition[I]), and get

e Vi J+B
SZZ Z wtk(s,a)< 9(p, Vi) 4 + Dp > 25)

ng—1(s,a) V1 = ngp_q1(s,a) V1

+ii Z BU”f/tli_ll t+1 Hl2,p 26)
w(s, a) . (

k=1t=1 (s,a)€Lx ng—1(s,a) V1

The term in Equation (23) is almost identical to Equation (24) of Lemma 31} and can be similarly
bounded by replacing J with J + B,,. This yields a bound of either O (\/(C*SAT +(J+ Bp)SA)

or O(VETSAT + (J + B,)SA+ B,SAH? (F + D) + B,SAH? ). We now move to bounding
the second term. Notice that

2

IV = VIR B, = B | s @) (VA = Vi)
_ 2 _ 2
=p(|5,0)7 (Vi = VD) + (s — ) | s.0)” (V! - VL))

_ _ 2
= [V = VIR, + Ger —0)C s )" (VAR - i) @)
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Next, applying Cauchy-Schwartz Inequality on (26)), we get

wik (s, a) —
@SBU ZZ Z n tsa V1 ZZ Z wtksa”‘/;f’ill Kf—ﬁ-ll‘l%,p
k=1t=1 (s,a)€Ly k-1 k=1t=1 (s,a)€Ly

K H
SBVSA Y YT D wa(s,a)[VE -V,

k=11t=1 (s,a)€Ly

K H
+va ZZ Z wik (s, a)

k=11t=1 (s,a)€Ly

)

- 2
(Pr—1 —p)(- | Sva)T<thi11 Vt+1>

where the last inequality is by Lemma [37] substituting (Z7) and using the inequality va + b <

f + v/b. The first term can be directly bounded by Lemma. 6} The second term can be bounded
using Lemma [32] as follows:

) Db SIS

(Pr—1 —p)(- | S,G)T<er11 Vt+1) ‘

k=11t=1 (s,a)E€L
K H B

<H > walsa)| (s —p)(- | sa)” (VAT - 1)
k=11=1 (s,a)€Ly

- @(S%AH(F +D+H%)+ SQAHQ) ,

where we trivially bounded the value difference by H at the first inequality (due to Lemma|[I8) and
used Lemma [32]at the second one. Summing both terms yields

26) = @(Bq,\/SA\/SAHQ(F +D)? + SAH® + Bv\/SA\/S%AH(F +D+H3)+ S?AH2)

- @(BUSAH(F +D+ H’) + BUSA\/S%H(F +D+H3)+ SH?)

Combining both bounds on (23)) and (Z6) concludes the proof. O
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F General Lemmas

Lemma 34 (On Trajectory Regret to Sum of Decreasing Bounded Processes Regret). For Algorithm|]]
and Algorithm )it holds that,

B[V (st) = Vi (s7) | Fioa :ZZZV'“ '(s) — E[V{*(s) | Frer]

Proof. The following relations hold.

K H
E[VF (sF) = ViF(s7) | Fieet] (28)
1

> D E[{s =i}V (s) — 1{s = s{}V/(s) | Fri]

t=1

ZZE[I{sfst}Vk Y(s) + 1{s # sy }VF1(s) | Fiorl

1 s k=1
—E[1{s = sF}V}F(s) + 1{s # s* IV 1(s) | Fii]

H K
O S ST (s) —ElL{s = sE} V() + L{s # sE} VN s) | i)

t=1 s k=1

2 ZZZW N [V (s) | Fral- (29)

t=1 s k=1

£
o+
Il

=1

I
]~

k

Il
N V)

(

M=

~~
Il

Relation (1) holds by adding and subtracting 1{s # s} }Vtk_l (s) while using the linearity of expec-
tation. (2) holds since for any event 1{A} + 1{A°} = 1 and since AV~ is F},_; measurable. (3)
holds by the definition of the update rule. If state s is visited in the k" episode at time-step ¢, then
both V}*(s), V¥(s) are updated. If not, their value remains as in the k — 1 iteration. O

F.1 The Good Set L;, and Few Lemmas

We introduce that set L. The construction is similar to [[Dann et al., 2017 and we follow the one
formulated in [Zanette and Brunskill, 2019]. The idea is to partition the state-action space at each
episode to two sets, the set of state-action pairs that have been visited sufficiently often, and the ones
that were not.

Definition 2. The set Ly, is defined as follows.

+H

1 SAH
L =1 (s,a) eSxA: iij(s,a) > Hln
<k
where w;(s,a) := Zil wy;(s,a)

We now state some useful lemmas. See proofs in [Zanette and Brunskill, [2019], Lemma 6, Lemma 7,
Lemma 13.

Lemma 35. Outside the failure event, it holds that if (s, a) € Ly, then

ng—1(s,a) ijsa,

]>k

which also implies that ny_1(s,a) > S?,H

Lemma 36. Outside the failure event, it holds that

K H )
S5 S wils,a) < O(SAH).

k=1t=1 (s,a)¢ Ly
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Lemma 37. Outside the failure event, it holds that

ZZ 3 wt”“ < O(SA).

k=11t=1 (s,a)ELy

Combining these lemmas we conclude the following one.

Lemma 38. Outside the failure event, it holds that

>3 5|\ o

k=1 t=1 Ng— 1($t7ﬂ-k( k))

Proof. The following holds relations hold.

1
;;EM e 'fk—ll

< O(VSAT + SAH)

(30)

The first relation holds by definition. The second relation holds by the following argument. For the

first term, if (s, a) € Ly, then by Lemma ng—1(s,a) > 1, and thus ni_1 (s, a)

V1=mng_1(s,a).

The second term is bounded by taking the worst case for the fraction, which is nx_1(s,a) V1 > 1.

The third relation holds by Lemma 3¢
Consider the first term in (30).

K H
1
Z wtk(sva) ( )
k=1t=1 s,a€Ly ng—1($,a
S Ll wik (s, a)
END 5 SR SRTTITAL S S S
k=1 1t=1 s,a€ Ly k=1t=1 s,a€Ly k—1\9,
S ARl wyk (s, a)
t
<20 wek(sia), | D0 )
k=1t=1 s,a i1 il saeL, ME-1(s:a

The first relation holds by Cauchy-Schartz inequality. In the second relation, we replaced the sum in
the first term to cover all of the state-action pairs, thus adding positive quantities. The third relation

holds since by definition Zf: 12 sqWik(s,a) = Hand T = KH. The last relation holds by

Lemmal[37]

Combining the result in (30) concludes the proof.
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Lemma 39. Ler u,v > 0 be some non-negative constants. Outside the failure event,

K H
U
> S E|mi Fro1| < O(SAu+ SAHv) |
{mm{nk_l(sf,,af,)\/l’v} kl}_ (SAu + v)

k=1t=1

and specifically,

K H u _
E Fi 1| <O(SAH .
>3 B[ty 1] < osan

(3)
< SAu+ SAHv

(1) is from the definition of w; (s, a) and the fact that ny_1 (s, a) is F—; measurable. In (2) we
divided the sum into state-actions in and outside L. For state-actions in L;, we bounded the
minimum by the first term, and otherwise we bounded it by H2. Note that for any (s,a) € Ly,

ng—1(s,a) > 1, from Lemma[33] (3) is due to Lemmas[36|and[37]

The second part of the lemma is a direct result of fixing v = .
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